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ABSTRACT

The influence of the gravity on the propagation of Rayleigh waves in a prestressed inhomogeneous,
orthotropic elastic solid medium has been discussed. The method of variable of separation is used to find
the frequency equations of the surface waves. The obtained dispersion equations are in agreement with
the classical results when gravity, non-homogeneity and initial stress are neglected.
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INTRODUCTION

The theory of elasticity is an approximation to the stress-strain behavior of real materials. An ideal elastic
material regains its original configuration on the removal of deforming force. Therefore an ideal ‘elastic
wave’’ is that wave which propagates through a material in such a way that the particles oscillates about
their mean positions without causing any change. The earth has a layered structure, and this exerts a
significant influence on the propagation of elastic waves. The simplest cases of influence exerted on the
propagation of seismic waves by a single plane boundary which separates two half-spaces with different
properties, and by two parallel plane boundaries forming a layer. Earth is being treated as an elastic body
in which three types of waves can occur.

1. Dilatational and equivoluminal waves in the interior of the earth.

2. In the neighborhood of its surface known as Rayleigh waves (1885).

3. Third type of waves occurs near the surface of contact of two layers of the earth known as love waves
(1944). The Rayleigh waves are observed far from the disturbance source near the surface. Since the
energy carried by these waves is concentrated over the surface, its dissipation is slower than the
dilatational and equivoluminal waves where the energy is dissipated over the volume of the disturbed
region. Therefore, during earth quakes for an observer remote from the source of disturbance, the
Rayleigh waves represent the greatest danger. In the case of Love waves, the energy is concentrated near
the interface; hence they are dissipated more slowly. Rayleigh waves have been well recognized in the
study of earthquake waves, seismology, geophysics and geodynamics. A large amount of literature is to
be found in the standard books of (Bullen, 1965; Ewing et al., 1957; Stoneley, 1924 and Jeffreys, 1959).
Haskell (1953) studied the dispersion of surface waves in multilayered media. Goda (1992) discussed the
effect of inhomogeneity and anisotropy on Stoneley waves. Biot (1964) studied the influence of gravity
on Rayleigh waves, assuming the force of gravity to create a type of initial stress of hydrostatic nature
and the medium to be incompressible. Taking into account, the effect of initial stresses and using Biot’s
theory of incremental deformations, Jones (1965) discussed many problems of elastic waves and
vibrations under the influence of gravity field. Sengupta and Acharya (1979) also studied the influence of
gravity on the propagation of waves in a thermoelastic layer. Brunelle (1973) considered the surface
wave propagation under initial tension of compression. Abd-Alla et al., (1996) analyzed the Rayleigh
waves in an orthotropic thermoelastic medium under gravity field and initial stress. Recently, various
studies on propagation of surface waves such as Love waves in a non-homogeneous elastic media,
Rayleigh waves in a non-homogeneous granular media, Stoneley, Rayleigh and Love waves in
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viscoelastic media, Love Waves in a non-homogeneous orthotropic layer under compression ‘P’
overlying semi-infinite non-homogeneous medium were studied by Kakar et al., (2012-2013).

In the present study, the influence of gravity and initial stress on the propagation of Rayleigh type waves
in a non-homogeneous, orthotropic elastic solid medium has been discussed. The Dispersion equation so
obtained is in well agreement with the corresponding classical results.

FORMULATION OF THE PROBLEM

Let us consider an orthotropic, non-homogeneous elastic solid under an initial compression P
along x-direction further it is also under the influence of gravity. Here we consider Oxyz
Cartesian coordinates system where O be any point on the plane boundary and Oz be normal to
the medium and Rayleigh wave propagation is taken in the +ve direction of x-axis. It is also
assumed that at a great distance from center of disturbance, the wave propagation is two
dimensional and is polarized in (x, z) plane. So displacement components along x and z
directions. i.e. u and w are non-zero while v =0.

Also it is assumed that wave is surface wave as the disturbance is extensively confined to the
boundary. Let g be the acceleration due to gravity and p be the density of the material medium.
Here states of initial stresses are given by

=0, i=] -

i G_ _J} ,Wherei,j=1,2,3 (1)
=0;1=#]

Further o is a function of z

.. equation of equilibrium of initial compression are

Oo _0= oo | )
OX oy
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__ _ =0
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SOLUTION OF PROBLEM
Considering eq (1) and eq (2) and conditions for compressibility, the dynamical equations in
three dimensions of an elastic medium under initial compression and gravity are given by

Oy, X+t Oy, yt O3,z 7 P (Wz,y—Wy, z) —Pg Uy, x = pU tt, 3)
O, X+ Oy, y F Oy, 2 = PWz x = pV tt, (4)
O3, X T O3,y ¥ Og5,2 = PWy x + pg Uy x = pW it , (5)

Where u, v, w are displacement components in x, y and z direction and wx, wy, wz are rotational
components and are given by

1 1
Wx = o (Wy—Vz);Wy= 5 (Uz—-wx)
1
wz = 3 (Vx—Uu y). (6)

Further dynamical egs in (X, z) directions are given by

Gy, x t O3 2= PWy 7—pQ Uy x = putt,

613’ X + 633,2 - PWy,X + Pg ul,X = pW,tt, (7)
Where stress components are given by

10
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o =(CytP)u x+(Cz+P)uyz,

O33 =Cy Uy, x+CoUy 7,

013 = Cyy (Uy,z + Uy x), (8)
Where Cjj are elastic constants.

Let us take the assumption that C,, = % (C; —Cpo).

Substituting equation (6) and equation (8) in equation (7); we have

(Cyy +P) (2uy, xx + Uy, 77 + Uz, xz) + Cg (Ug, xz — Uy, 22) + (Uy, 2 + U, x)

(Cll - Clg)v Z+ 2u1, X (Cll + P)’ X+ 2u3,Z (C13+ P)’X - Zpg Us x = Zpul,tta (9)

Cyy (Ug, xz *+ Uz, xx) + (Cy3 +P) (U, xz = Ug, xx) +2 C55 U3, 77

+ 2pg Uy, x + (ul,Z + Us, X) (Cll - C13)’ X+ Uy, X Clg, z+ Us,z C33, z= Zpug,tt : (10)

Now we assume the non-homogeneity for the elastic half space, density and compression are
given by

Cij = ajj eMZ, p=p,eMZ, P =P eMZ, (11)

Where Aj j, p,, Poand m are constants.

Substituting eq (11) in egs (9) and (10) we get

eMZ (auy; +Py) (2uy, xx + Uy, 7z *+ Uy, xz) + o5 (Ug, xz — Uy, z2) €M? (12)

+ (ul, z 71U X) (Otll - OL13) meMmz — 2po g Uz x eMz = Zpoul,tt |

Oy (ul, XZ+U3, XX) + (OL13+2P0) (ul, XZ) - (a13+2P0) Uz, XX + 20(33 u3,ZZ+2pog Uy, x

+2 0, MU, x + 20,5, MUy 7 =2pUg - (13)

To investigate the surface wave propagation along Ox, we introduce displacement potentials in
terms of displacements components are given by

U=, x—V,zzW=¢,z+V, x (14)
Introducing eq (14) in egs (12) and (13) we get
2
2 (all + Po) \% 4) - 2po g WV, X tm (all - alg) (Z(I), zt ' X) = 2po (I),tt , (15)
2
(all + Po - OL13) \% y+ 2p0 g(b, x-m (all - alg) vV, z = Zpo Vit (16)
and
g ¢, XX T Olgq (I),ZZ — P9 V. x— 20(13 my x + 20(33 m(l),Z = 2po¢,tt ' (17)
(03 = 0ty = 2Pg) W xx + (2 0gg — 03 — gy = 2Pg) W 77 + (2 pg + 201, M) ¢ x
+ 20, My 7= 2p) W tt (18)
2 2
Where V= §2+ 52.
ox® 0t

Since the velocity of waves are different in x and z direction. Now eq (15) and (16) represent the
compressive wave along x and z-direction while eq (17) and (18) represents the shear waves
along these directions. Since we consider the propagation of Rayleigh waves in x-direction

.. we consider only equation (15) and equation (18).

To solve equation (15) and equation (18) we introduce

o (x,y,2) =f(2)e“"

11
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and v (X,V, 2) = h(z) e . (19)
putting eq (19) in eq (15) and eq (18) we get
f,ZZ + Af,z +Bf+Ch= 0, (20)
hzz+Ahz+Bh+Cf=0, (21)
Where
A= m (e, — ;) B = a (po ¢~y — Po) _ [—2,009 +m (e _0513)] o
oy, + P, ’ o, +P ’ 2(a11+P0) ’

A= 2may, B'= o’ (2C2 Po— 0y T3t 2P0)

2065 — oy — a3 = 2R, 2065 — oy — a3 = 2R,
o= (20,9 +2May,) i 22)

2055 — 0y — 0y — 2R
Now eq (20) and eq (21) have exponential solution in order that f (z) and h (z) describe surface
waves and also they varnish as z — o hence eq (15) takes the form,

d(X,z,1)= [Cl e +C, e’“] el

andy (X,2z,t) = [C3 e +C, e‘*ﬂ] e, (23)
Where C,, C,, C,, C, are arbitrary constants and A, A, are the roots of the equation
24+ {m (o —a;) N 2M oy }13

o, +R 200 — oy, — oy, — 2R,

2 2
+ a2|:2PoC _a11+a13+2Po+ PoC _all_Poj|/12
2033 — oy — 3 — 2R, a,; + R,

+ ma? (0‘11 _0‘33) (2p0C2 — 0y 0, +2Po) +(/00C2 0 Po) 2015, J)
(all + Po) (2a33 —Q — U3 _2%)

N at (p002 0 Po) (2p0C2 —oy Tt 2P0)
(ot +Ry) (205 —ay — a3~ 2R)

+a

2 {m(“n_“m)_zloog} (zpog+2ma13)}:0. (24)

2(0‘11+ Po) (2a33 0 Ty _ZPO)
Here we consider only real roots of eq (24). Now the constants C,, C, and C,, C, are related by
the egs (20) and eq (21).
By equating the co-efficients of e and e " to zero, eq (20) gives,
C;=11.CC=1,C, (25)
2i[(ey, + Po)jvj2 — m (&, —a3) A +H(py c? —ay; — By)]

j=1,2. (26
a[m(%l_%a)_zloog] . 29)

Where yj =

12
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BOUNDARY CONDITIONS
The plane z = 0 is free from stresses i.e. 5, =c,,=0atz =0, (27)

1
Where G153 = 2 (0 —y3) [20,xz — v 2z + v xx] eMZ, (28)

Og3 = g [0, xx — ¥ xz] €MZ + 055[0 2z + w zx] eM2. (29)
Introducing eq (28) and (29) in eq (27) we have
C (@A ia+y A +0y) +C, [2 &, io+ 0, + o’ y,] =0, (30)
2 . .
C [o A+ klz Olyy — OV 10L (0Lgy — 0t ,)] +C, [foczk13 + kzz Oyy =, Y10 (g — 0113)] = 0. (31)
Eliminating C, and C, from eq (30) and eq (31); we have
[2h, fou+ y, A + oy ] [0k, + A7 o, A, via (o, — 013)]
. 2 .
—[2A,ia+ yzkzz + o Yol [0 Ay + 47 0oy —ouyjia (o, — )] =0, (32)
Where vj (j = 1, 2) are given by equation (26) and 1j (j = 1, 2) are roots of eq. (24).
Now eq (32) gives the wave velocity equation for Rayleigh waves in a non-homogeneous elastic
half space of orthotropic material under the initial compression and influence of gravity.
From eq (32), it follows that Rayleigh waves depends on gravity, initial compression, non-
homogeneous character of the medium and nature of the material.
From equation (32),we conclude that if o is large i.e. length of wave i.e. 2z is small then
a
gravity and compression have small effects on Rayleigh waves in non-homogeneous orthotropic

half space and if o is small i.e. T large then gravity and compression plays a vital role for
o

finding out the wave velocity c.
When the medium is isotropic, eq (32) becomes
[2), io + ylklz + azyl] [K12 (kzz -ad)+2 K22 (1—ioy,h)]

— 2 ia+ 0, + o v,] [K (L - o) + 2K, (1 iy h)] =0, (33)
Where Kl2 _A+2u+P : K22 :,u——P/Z , (A, p are Lame’s constants). (34)
yo)

Eq (34) determines the Rayleigh waves in a non-homogeneous isotropic elastic solid under the
influence of gravity and compression.
When initial compression is absent i.e. P, = 0, then equation (33) reduces to,

[2h, io+y, A + oy ] [K (L, - o) + 2K, (L ioy,h,)]

2 i+ + ot ] [K (L - o) + 2K, (1 iy )] =0, (35)
Where K, = Avou K2=£,
P P

Eq (35) determines the Rayleigh surface waves in a non-homogeneous isotropic elastic solid
under the influence of gravity which is similar to corresponding classical result given by Das et
al.,

When non-homogeneity of the material is absent, we get same dispersion eq. as (32) with

13
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vi = —i[(er; + Po)/qu2 +(py ¢? —ay; — Byl
. ap,g
Where A, A, are the roots of the equation

/14_'_0[2[2:00(:2_“11"'“13"'2% + pocz_an_Po};tz
20,33 — o4y — a3 — 2R, a;+ R

J=1,2,

(Po+all) (20533_0‘11_0‘13_2%)

When gravity field is absent, we get same velocity eq. for Rayleigh waves in non-homogeneous
elastic solid under initial compression as eq (32) with

_ 2i[(en; + Py) A" — m (e —a3) A Hpy € —ay; — Py)]
[ozm(ozl1 —amﬂ
Where A, A, are roots of the equation
24+ {m (o —a3) N 2M oz, }13
o, + R 203, — oy — 043 — 2R,

2 2
+a2{2poc _a11+a13+2Po+ PoC _an_Po};tz
2053 — 0ty — o3 — 2R, a; + R

a*(p,c® —ay —P) (2p,0° —a, + s + 2P ) —2a° p,° 9°
+{ <Po 11 0)('00 u T % 0) pog]:q (36)

11=1,2,

"]

+ ma? (0(11 _a33) (2p0C2 — 0y 0 +2Po) +(p0C2 0 Po) 2015 J)
(all + Po) (20‘33 0, TG _2Po)

N at (p0C2 0 Po) (2p0C2 —Qy T +2Po)
(ot +Ry) (205 — g — a3~ 2R)

+a

’ {m (0‘11 — Q3 )} (ma13 ) -0 (37)
(an + Po) (20{33 0 O _2Po)

When medium is initially unstressed i.e. P, = 0,

We get, velocity equation for Rayleigh waves is similar to equation (32) with

o 2i[(all/’tj2 - m (o, —al3)/1j +(p, c? —a,)] .

’YJ - 1J - 11 21
o I:m(an _als)_zloog:l

Where %, &, are roots of the equation

244 {m (all_al3)+ 2Mag, j|23

a 2033 — ) —

2p.Ct—a + c’—a
+ QZ[ Po ut%s  Fo 1 | 52
2033 — 0y — Qyy

14
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2 (all - asa) (2:0002 —ayt 0513) + (:OOC2 - all) 203,

+ Mo
(all)(2a33 -0y~ a13)

. a4(,0002—a11) (2,00(32—%1+0‘13) o {m(“n_“ls)_zf)og} (2pog+2ma13) =0. (38)

(all)(2a33 —ay _a13) 2(0‘11) (2a33 —ay _0513)
When the non-homogeneity of the material and gravity field are absent further medium is
initially unstressed and isotropic, eq (32) reduces to,

el es)

Where K _A+2u K, Sy
P P
Equation (39) is similar to the equation given by Rayleigh.

DISCUSSION AND CONCLUSION

Equation (32) represents the wave velocity equation for the Rayleigh waves in a non-homogeneous,
orthotropic elastic solid medium under the influence of gravity and initial compression. It depends upon
the wave number and confirming that waves are dispersive. Moreover, the dispersion equation contains
terms involving gravity, initial compression and non-homogeneity, so the phase velocity ‘c’ not only
depends upon the gravity field and initial compression but also on the non-homogeneity of the material
medium.

The explicit solutions of this wave velocity equation cannot be determined by analytical methods.
However, these equations can be solved with the help of numerical method, by a suitable choice of
physical parameters involved in medium.
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