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ABSTRACT

In this note a random fixed point theorem for Multivalued operators on polish space has been presented
which extends the result of Badshah and Farkhunda (2002). Our result is also a random version of a result
of Basu (1990) on a complete metric space.
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INTRODUCTION

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view of
its need in dealing with Probabilistic models in applied problems. The study of random operator forms a
central topic in this discipline.

Systematic study of random equations employing the methods of functional analysis was first initiated by
Prague school of Probabilistic led by spacek (1995) and Hans (1957 and1961) about twenty five year ago.
This has now received considerable attention of various authors notably Itoh (1977); Mukharjee (1982)
and Barucha Reid (1972).

PRELIMINARIES

Let (X, d) be a polish space that is a separable complete metric space and (€2, ) be a measurable space.
We denote d(x, B) =inf {d(x,y):ye B) for any xe X and B X. Let 2" be the family of all subsets of X,
the CB(X) the family of all closed and bounded subsets of X and B the o- algebra of Borel subsets of X,
respectively. Let H be the Hausdroff metric ton CB(X) induced by d. A mapping T: Q— 2% is called
measurable if for any open subset B of X.T*(B) = {oe Q: T (0) N B #d}e g. A mappingé:Q— X is said
to be measurable selector of a measurable mapping T: Q— 2% if £ is measurable and for any weQ,
&(ow) € T(w). A mapping f: QxX —X is called random operator, if for every xe X, f(.,x) is a measurable.
A mapping T: QxX — CB(X) is a random multivalued operator, if for every xe X, T(., X) is measurable.
A measurable mapping & : Q— X is called random fixed point of a random multivalued operator T :QxX
— CB(X) (f:(2x X — X)), if for every weQ, &(m)eT(m,&(m)) (f(o,&(m)) = &(w).Let T :QxX — CB(X) be
a random operator and { &,} is a sequence of measurable mappings &, : Q— X . The sequence {&,}is said
to be asymptotically T-regular if d(&(®) T(®,&n(®)))— O

In 2002 Badshah and Farkhunda (2002) proved the following

Theorem: Let X be a polish space and T,S5:Q x X— CB(X) be two continuous random multivalued
operators, if there exists measurable mappings a, b : Q—(0,1) such that

a(w)d(x, (S(w, x))d(y, T(®,y)) b(w)d(x,y)

d(x,y)
for each x,y € X, meQ and a, b eR™ with a (0) +b(®) < 1, then there exists a common random fixed
point of S and T (Here H represents the Hausdorff metric on CB (X) induced by the metric d).
In 1980 Jaggi and Dass generalized the fixed point theorem of Kannan showing that a self-
mappingsatisfying a contractive type condition on a complete metric space have a common fixed point.
Further Basu (1990) extended it to the case of a self- mapping satisfying the following more general
contractive type condition.

H(S (o, X), T (@, y)) <
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a,d(xT™)d(y,Ty) adxTx)d(y,Ty)
d(x, Ty)+d(y,TxX)+d(x,y) d(x,Tx)+d(y,Ty)
, 240y, TY)d(y, TX)
d(y,TxX)+d(x,Tx)

Now we give a random version of the result of Basu (1990) which also generalizes the result of
Badshah and Farkhunda (2002).

d(Tx,Ty))<

+ as(o) d(x,y)

RESULTS
Our theorem is as follows:
Theorem 2.1: Let X be a polish space. Let T, S: Q x X— CB(X) be two continuous random multivalued
operators. If there exist measurable mappings a; a, as a4 as: Q— (0, 1) such that
a, (@)d(x,S(w, x))d(y, T(o, a d(X,S(w, x))d(x, T(w,
HS(000 T(oy))< (@ISO X)) T(@,Y)) | 8, (@)d(x, S(,x)d(X, T(®.y))
d(x,y) d(x,S( X)) +d(y, T(e,y))
N a4 ()d(x, S, x))d(y, S(e X)) . & (@)d(y, T(o, y))d(y, S(e, X))
d(y,S(e, X)) +d(x, T(e,y)) d(y, T(w,y)) +d(x,S(e, X))

Foreachx,y € X, we Qand aj, ay, a3 a4 as € R'with 2a;(w)+ a; (0)+ az (0)+as(m)+2as(w) < 2,80
holds , then there exists a common random fixed point S and T (Here H represents the Hausdroff metric
on CB(X) induced by the metric d).
Proof: Let £y:Q— X be an arbitrary measurable mapping and choose a measurable mapping
€ :Q— Xsuch that &;(0) € S(w,& (w)) for each weQ. Then for each me

8, (0)d (&, (@), S(@, &, (@)))d(E, (@), T(w, &, ()))
H(S(w,&o(w), T(w,&1,(@)))< 4. (0).5,(0))
L 32(0)d(E (@), (0,8, ()))d(E, (@), T(e, &, (@)
d(Eo (@), S(e, &4 (@))) +d(E; (@), T(w, &, ()))
L 33(0)d(E, (@), S(e, Eo (@)))(E, (@), S(w, &, ()
d(E, (@), S(w, & ())) +d(E, (@), T(w, &, (0)))
L 2 (@)d(E, (@), T(, &, (@)))d(E, (@), S(w, &, ()))
d(E, (@), T(w, &, (0))) +d(E, (@), S(w, §, (0)))

It further implies [2, Lemma 2.3], than there exists a measurable mapping &, . Q—X such that for

anymeQ, &(o) € T(m,&(w)) and
0 (0), £40) = HS(, £0(0), T(: (@)
oo DI @) (0).£:(0) | 3,(0)d(E(0).E (s (0.2 ()
d(ao (o), &, () d(‘tao (o), &, () + d(‘:l (o), €, ()
| (@ (@) (@)AE ). ) |
4(E, (©),5, (@) + Ao ()., (@)
2 (O)(E, (). £, (O)(E, (). (0)
06 (). (@) + dE (@) By (o)) 5 D@ 5(@)

2, (O)d(Es (), &, (0)(Eo () &, ()
- d £,
(OGO SN ) (@) + dE ()., (@)

+ as(w)d(x,y)

+ a5 (0)d(&o(w), &1()).

+ 25 (0)d(Eo(®), E1(w))
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= (1-a(w)) d(Ex(w),Ex(w)) < [a2 (w) + as (w)] d (Eo(®),Ea(w)) ------------- (A)

Again, consider
2, (0)d(E, (@), T(w, &, (0)))d(E, (@), S(w, §, (0)))
H(T (,81(0),S(,E0 (@)= A, (0).E, (@)
, 3 (0)d(E, (@), T(w, & ()))d(&, (), S0, &, ())
d(&; (@), T(,&; () +d(E, (@), S, &y ()))
4 33(@)d(E, (@), T(, &, (0)))d(E, (@), T(w, &, (w)))
d(E, (@), T(w & (w))) + d(§; (@), S(w, §, (w)))
4 24 (0)d(E, (), S, &, (0)))d(E (@), T(w, &, ()))
d(&, (©),S(®, &y (0))) + d(&; (w), T(, &, ()

Similarly as above there exists a measurable mapping &, :QQ— X such that & (o) € T(w,&1(®)) and we

have
2, (0)d(E, (©),£, (@)d(E (0).£, ()
AC@ o) 4(E, (). 9 ()
8, ()0 (), (0)d(E0(0).£,(0)) .
d(éo ((D), éz (03))
2, (@)d(E ()., (0)A(E, (). &, (@)
+ as(w)d(E1(w), Eo(®
00 (00,5 (@) 1 A& (@), 6, (@) IO &)

or d(&; (w), E2(m)) < a1 (w)d(Ex(w),Ex(w)) + az(0)d(Ex(w),E(w))

+ a4 ()d(Eo(0),E1(m)) + as (w)d(Ex(w),E2w))

[1- as(w)-as(w)]d(Ex(w),E2(w)) < [as(w) + as(w)] d(&o(w),E1(w)) (B)
Adding (A) and (B) we get

[2-2a1(m)-a3(m)]d(E1(w),E2(w))<[az(w)+as(w)+285(w)]d(Eo(),E1(w))

a,(o)+a,(0)+2a;(m))
d(&1(®),&x(®))< 2— 28, () -2, (o)) d(&o(®),E1(w))

d (E1(0),E2(w)) < K d(Eo(),E1(w))
Where ke 22(@) +8,(0) + 285 (@) _
2-2a,(0) - a;(w))
By above lemma in the same manner, there exists a measurable mapping &;:Q— X such that for any
we, & (o) € S (o, & (w)) and

A (@)d(E, (@), T(w, &, (0)))d(E, (), S(e, E, (w)))
a, (@)d(&,; (@), T(o, & (o ,(®),S(®,&, (»
H (T (0,84(0)),S(w,&x(w))) < 4 (0).5, (o)
, 3 (0)d(E, (@), T(, & (@)))d(E; (), S(w, &, ())
d(E; (@), T(w &, () +d(&, (), S(w, &, ()
, 33(@)d(§, (), T(w,&, (0)))d(E, (), T(e, &, (@)))
d(E, (@), T(w,&; ())) +d(E, (@), S(w, &, ()))

+ 5 (0)d(E1(®),Eo())
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4 24 (0)d(E, (@), S(,§, (@)))d(E, (@), T(w, &, ()
d(&, (w),S(w, &, (0))) +d(§, (w), T(w,§, (w)))
+ a5 (0)d(Ex(w),Eo(®) s (w)d(Ex(w),Ex(w))
< a; (0)d(§,; (w), &, (0))d(E, (0), E; () + 2, (0)d(&; (®), &, (w))d(E, (w), E; ()
- d(&; (w), &, () d(&,; (w), &, () +d(E, (0), &5 (w))
" a5 (0)d(E; (w), €, (w))d(E, (), &, (w)) + a, (0)d(§,(m),&5(m))d(E, (), &, (w))
d(&, (@), &, (@) +d(&; (), &5 () d(&, (w),&;(w)) +d(§; (w), &, ()
+ a5 ()d(E(w),Eo(®)) + as (w)d(E(w),Ex(w))
[1- ay(w)]d(E2(w),Es(w)) < [ax(w)+as(®)]d(Ex(w).Ex(w)) (C)

Again consider

d(Es(w),Ea(@))=H(S(®,&2()), T(®,Ex(w))) < [as(w)+as(w)]d(Es(w),E2(®)) +[as(w) +as(w)]d(Ex(w),E1(w))
[1-a1(®)-23()]d(E2( ), Ex(w))<[as( ) +as(®)]d(Ex(®),&x(®))  ---mmmmmmmmmmmmmem- (D)

After adding (C) & (D) we get

d(E2(w),E3(w)) < K d(E(w),Eo(w))

or d(€2(),E5(w)) < K’d(Eo(w),E1(w))

Similarly, proceeding in the same way : by induction, we produce a sequence of measurable mapping
&n:Q— X such that y>0 and oeQ

Earr1(0) €S (0,62(0)),E2142(w)) € T(®,E241(w))

and d(&n (0),&n+1 (@))<Kd(Er-1(®),En(w)) < ----- K"d(&o(), ()

furtherfor m>n

AL (6),Em (@)= AEn (©),En1 (@) FA(Enst (©),Ens2 (@)FF cvvorrvreern b (B () 0 (0)
< KK 4 et KT (5 (00),E4(0))
<d(&o (®),E1 ()K" 1HK+K? + —mmmmmev FK™]

(& (), (0))< 1_nK

It follow that {&, ()} is a Cauchy sequence and there exists a measurable mapping & : Q— X such that &,
(0) >&(w) for each weQ. It further implies that ;41 () —&(m) and &4z (0) —E&(w). Thus we have for
any meQ.
d(&(®),S(m, &(w)))< d(E(®),Ezy+2 (W))+d(E2y+2 (0),S(0,E(w)))
<d(E(®),Eays2 ())+ H(T((D(,j E211(0)),S(@, E(0))) |
a; (o 2311 (0), T(®,&;,.,; (@), ), S(o, (m
<d(E(0),Ezpea())+ (@)d(Es,.0 (@), T(@, &5, (@), d(E(w), S(e, §(w))

d(E,,.1 (@), &(w))
, 32(@)d(E,, (@), T(, &y, (@)))d (85,1 (@), S(e, E()))
d(S2,.1 (@), T(®, 5,1 (@) + d(&(w), S, E(w))
L 2a(@)d(E,. (@), T(e0,E;,. (@)))A(E (@), S, E(@))) |
d(€ (0), T(®, 8,1 (@) +d(Ey,.1 (), S(e, E(w))
, 24(@)d(E (@), S, E(@))(E (@), T(e. 8.1 («))
d(E (@), S(,&()) +d(Ey,.1 (@), T(®,&5,.4 (w))

letting y— , we have

d(&(w),S(w,E(w)))< d(&(w).E(w))+

d(& (®),&1 () — 0 as n,m —»c.

+ a5 d(Ez(0),.E())

2, (0)d(§(w), E(w)), d(E(w), S(w, E()))
d(&(w),&(w))
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, 2:(@dE0), 50), dE©),SO.0) |, 2 @)dEo) &), dE©). &)
0(&(0),&0) +dE@), SO.E@) (&) &) +dE®),So o)
, 34 (0)d(E(), S0, E(0). dEO).EO) |, 4 o1 2
4(8(0),&(0)) + d(E(®), S(@,E(@)) |
d(5().5(0, L)) a:(0)dE0) SOL)
[1-2(o)]d(E(0),S(o0, E))< 0

d(&(@),S(w, &(w)))< 0
Hence &(w) € S(o, &(w)) for @eQ. Similarly, for any meQ

d(E(@), T(w, &(®)))< d(E(®),E2+1 (w))+H(S(®,E2(w)), T(,E(w)))d(E(w), T(e, E(w)))< 0

Therefore E(m) e T(w, &(w)) for each weQ.

Corollary [2.1.1] : Let X be a Polish space and T: Qx X — CB(X) be a continuous random multivalued
operator. If there exists a measurable map a;, a,, as a4 as: Q— (0,1) such that

3, (@)d(x, T(w,x))d(y, T(,y)) | 8, (@)d(X, T(e, x))d(x, T(c, y))
d(x,y) d(X, T(o, X)) +d(y, T(e, Y))
4 25(@)d(x, T(w,x))d(y, T(w, X)) | a,(@)d(y, T(w,y))d(y, T(w,X)) , a;(w)d(x,Yy)
d(y, T(e, X)) +d(X, T(o,Y)) d(y, T(o,y)) +d(X, T(o, X))

Then there exists a sequence {&,} of measurable mappings &, : Q— X which is asymptotically T- regular
and converges to a random fixed point of T.

H(T(®, X), T(o, ¥))<
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