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ABSTRACT 
The main objective of this study is to find the best fit growth model along with the best method of 
estimation for the babul growth in India. This study presents a comparative study among Chapmen 
Richards’s growth models and its various limiting cases. A number of established methods of estimation 
have been considered to estimate the parameters of Logistic, Gompertz, Monomolecular growth model. 
Few estimation techniques are also introduced for Chapmen Richards, Von Bertalanffy and Negative 
Exponential growth model. The methods of estimation use in this study demands less computations and 
can also deals with data without any regular spacing time. This study will help to find out the best fit 
methods of estimations along with the growth model from forestry viewpoint.  Two sets of well-
established babul (Acacia Nilotica) tree growth data of India have been used for testing the validity of the 
models. The best fit model has been selected based on a selection criterion. In case of top height growth 
data of babul tree, the Monomolecular growth model is found to be more suitable as the value of 

           
  and    (99.99 and 99.99 respectively) are better than the remaining growth models. 

Monomolecular growth model also provide the better results with the            
  and    values 99.97 and 

99.99 respectively for the maximum diameter growth of babul in India. According to the results, it can be 
concluded that, the three parameter Monomolecular growth model is more reasonable over the remaining 
growth models to describe the growth of Babul in India. 

 
Keyword: Growth Model, Chapmen Richards, Von Bertalanffy, Logistic, Gompertz, Monomolecular, 
Negative Exponential, Acacia Nilotica  
 
INTRODUCTION 
Babul (Acacia Nilotica) is a multipurpose tree native to Africa, the Middle East and the Indian 
subcontinent. Its timber is valued by rural folks, its leaves and pod are used as food and gum has a 
number of uses. Though it is not as long-lasting as teak wood, furniture made from babul wood can still 
last for many years and hence, serves as a cheaper alternative to teak wood. Babul wood furniture can also 
be used in the open air as the wood has good resistance to water and climatic changes. Other than 
furniture, the wood obtained from the tree is mainly used for making pulpwood and also for medicinal 
purposes. The modeling methodology is a powerful tool for the study of growth. It provides smooth 
curves of age and growth, even from irregularly spaced measurements. The comparison between families 
of curves can be done using parameter estimates. In this study Chapmen Richards’s growth models and its 
families are considered for a comparative study of growth of babul tree in India. Its family mainly 
consists of five another growth models, namely Von Bertalanffy, Logistic, Gompertz, Monomolecular 
and Negative Exponential growth model. The Chapman Richards growth model was first used for forest 
growth modeling studies by Turnbull in 1963 and then by Pienaar in 1965 (Yuancai et al., 1997). The 
limiting cases of the Chapman Richards growth model also play a key role in forestry study. Many 
authors used these models to study the forest system in various time (Borah and Mahanta, 2013; 
Fekedulegn et al., 1999; Zhao-gang and Feng-ri, 2003; Mayers et al., 2012; Oliver, 1964). These models 
can be also used in other fields of science. These models were used to study the oldest-old mortality rates 
by Saikia and Borah (2013, 2014), Kucuk and Eydura (2009) used these to study Akkaraman and German 
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Blackheaded Mutton X Akkaraman B1crosbreed lambs. To study the weight of Norduz female lambs, 
Kum et al., (2010) used these models. 
The properties and the derivations of the growth models play a crucial rule for estimating the parameters. 
Proper understanding of the mathematics of these models avoids problems encountered in the method of 
parameter estimations of the models. This paper provides the most fundamental properties along with 
some useful definition of the parameters. This paper applies some new technique to estimate the 
parameters of negative exponential, Von Bertalanffy and Chapmen Richards’s growth models. The main 
advantages of the new techniques applied in this paper are less computation and can be used for any 
growth data. The parameters of Monomolecular, Logistic and Gompertz growth models are estimated 
using the technique used by Borah and Mahanta (2013). 
 

MATERIALS AND METHODS 
The growth models considered for this study were Chapmen Richards, Von Bertalanffy, Logistic, 
Gompertz, Monomolecular and Negative Exponential growth model. The integral forms of these models 

were shown in the Table 1. For these models consider,   was the dependent growth variable,   was the 
independent variable,              and   were parameters to be estimated and        was the base of 
the natural logarithms. The properties of the parameters of this model were discussed in this paper. The 
maximum diameter data and top height growth of babul (Acacia Nilotica) tree were based on the analysis 
of sample plot data of Uttar Pradesh, Maharashtra and Madhya Pradesh (Indian Council of Forestry 
Research and Education, No Date). The data sets were presented in Table 2 and Table 3. 
The growth models can be written in the form as 

               (1) 

           where,  was the vector of parameters                 to be estimated. Where,   was the 

number of parameter,   was the number of observations and       were random errors in the models had 

mean zero and constant variance   . The parameters of the growth models were defined as:   was the 
asymptote;  was the parameter governing the rate at which the regressand approaches its potential 
maximum;   was the allometric constant;  was the instant rate of growth in the inflection point and     

and    were biological constants. The following methods of estimation had been used to fit the growth 
models. 

 
Table 1: List of Growth Models with their Integral Forms 

S/N 
Common Growth 

Models 

Integral Form of the 

Models        

Derivation from 

Chapman 

Richards Model 

Source 

1 Chapmen  Richards               
 

   
 Ozel et al., (2010)

 

2 Von Bertalanffy          
    

 

             Colbert et al., (2003)
 

3 Logistic 
 

       
 

    and 
     

Borah and Mahanta 
(2013) 

4 Gompertz      
   

     
Borah and Mahanta 
(2013) 

5 Monomolecular                
Borah and Mahanta 
(2013) 

6 Negative Exponential               and     Philip (1994)
 

 

Table 2: Top Height Growth Data of Babul Tree in India 

Age (year) 5 10 15 20 25 

Top height(m) 8.14  12.19 14.93 16.70 17.98 
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Table 3: Maximum Diameter Growth Data of Babul Tree in India 

Age (years) 5 10 15 20 25 
Maximum diameter (cm) 12.19 20.83 26.92 31.49 34.29 
 

Method of Estimation 

The parameters of Monomolecular, Logistic and Gompertz growth had been estimated using the 
technique used by Borah and Mahanta (2013). The new methods for the estimation of the parameters of 
Von Bertalanffy and Chapmen Richards growth models were described as follows. 
Methods to Estimate the Parameters of Chapmen Richards’s Growth Model 

Method A: In this method, first assume that the parameter   was known from its definition. Then, let   be 

the total number of observation and let        and    were any three observations from the set of data. 
Then, for        ; the Chapmen Richards growth model could be written as 

                         (2) 

Now, 

 
              

        

        
   (3) 

and 

 
              

        

        
   (4) 

From the equation (3) and (4),  

           
            

                (5) 

Where       
         

 
 and       

         

 
 

The equation (5) could be solved using any iteration method, and then the parameter   could be estimated 
as, 
 

     
 

 
  

 

After estimating the parameter  ; the parameters  ,    and   could be estimated using the equations (2), 
(3) and (4). And the parameters were given by 

 

   
     

         

 

             
         

 
         

  

                            

 

    
         

            
.  

For some equidistant data set, consider    
 

 
              and      . In this case the equation 

obtained by solving equations (3) and (4) would be in quadratic form with       . 

Method B: For this method, assume that the parameter   and   were known. Let   be the total number of 

observation and    
 

 
            

 
    and        

  
       then the estimated parameters were 

given by 
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After estimating the parameters   and  ; the parameter   and   could be estimated as 

 

   
 

    
  
        

 
   

  

 
 
 
 
      

  

 
 

 

   
   

     
  

 
 

 

    
     

 
 
 
 
 

  

       
 

 
   

 

   

 
 

 
        

  
 
 

 

 
 

 

   

    

 

Methods to Estimate the Parameters of Von Bertalanffy Growth Model 

The von Bertalanffy growth model could also be written as 

            
    

 

      

             
 
  (6) 

Where,   
  

    
 and   

 

   
. 

The equation (6) is in the form of Chapmen Richards’s growth model and its parameters could be 
estimated using the same methodology as Chapmen Richards’s growth model. After estimating the 

parameters the required parameters could be estimated using          and   
   

 
  

Methods to Estimate the Parameters of Negative Exponential Growth Model 

Method A: Let  be the total number of observation. Let    be the first observation and    be the     
observation. Then, the Negative Exponential growth equation could be written as 
              (7) 
               (8) 
Now by solving equation (7) and (8) 
    

                 (9) 

Where,      . The equation (9) could be solved using any iteration method. After finding the value of 

 , the parameter could be estimated using       . Then, the parameter   could be estimated using the 
equation (7) or (8). 
Now since the iteration method need an initial value. For initial value approximation the following 
procedure was used: 
For the first and second data of the data set, the equation (9) could be written as 
    

                 (10) 

which was a quadratic equation. The non-negative value(s) of   could be used as starting value. 
Method B: In this method assume that the parameter   was known from the previous method. Then, 
rewriting the model in terms of   and then considering the sum of all observations, 
 

  
 

 
  

 
 
 
 

 
 

   
  

 
 

 

  

 

   
 
 
 
 

           (11) 

After estimating  , again rewriting the model in terms of   and adding for the entire observations, the 
parameter   could be estimated, that is  
 

  
 

 
 

  
       

  

 

   

           (12) 

Properties of the Growth Models 
There is a clear relationship between the properties of different mathematical models and the estimation 
of their respective parameters. If the properties of nonlinear mathematical models were to be known then 
it may pretty helpful to estimate the parameters to be estimated. Indeed, even a few cases, because of 
absence of knowledge of these properties, it might appear to face different problems to use in different 
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natural growth (Mahanta and Borah, 2014). Some basic properties of the mentioned model were provided 
in table 4. 
Selection Criteria of Best Fit Model 

After fitting the growth models using different methods of estimation, the best fit model was selected 
based on the following selection criteria. The selection criteria consist of six distinct steps. 
Step I: Logical and Biological Consistency: in this step, check the logical consistent and biologically 
realistic of the estimated parameters. The growth models with non-consistent and non-natural consistency 
and poor statistical properties were excluded. 

Step II: Chi-Square Goodness-of-Fit Test     : This test enables to see how well does the growth model 
fit to the observed data. The Chi-Square was defined as 

    
        

 

   

 

   

  

Where,    was the observed value and     was the predicted value for          . If the calculated value 
of    was greater than the tabulated value of    with       degrees of freedom (where   was the 

number of parameters of the growth model and   was the number of observations) then the null 
hypothesis was rejected otherwise accepted. In this literature, only those results were considered which 

have     level of significance with their respective degree of freedom.  
Step III: The Root Mean Square Error (RMSE): The RMSE measures to aggregate the residuals into one 
measure of predictive power. The RMSE of a model prediction with reference to the calculable variable 
was defined as: 

      
         

  
   

 
  

Where,    was the observed values and     was the predicted values for          . By comparing the 
RMSE the ten best results were selected. 
Step IV: Coefficient of Determination      and Adjusted Coefficient of Determination    

  : The    

value indicates how well data point fits a growth model. Generally, the value of       lies between   and 
         . But it is impossible for    to actually attain  , if pure error exist. In practice, sometime 

negative value of    may occur. Theoretically the value   indicates a perfect fit,   reveals that the model 
is not a better than the simple average and negative value indicate a poor model (Soares et al., 1995). If 
the value of    is above    , it is accepted as efficient (Ozel et al., 2010). The mathematical formulation 
of the coefficient of determination was, 

     
         

 

         
  

Where,    is the mean of the response variables. The   
  value was an endeavor to redress the propensity 

for over fitting of    by adjusting both the numerator and the exterminator by their respective degree of 
freedom and defined as 

  
           

   

   
   

The   
  were used to compare growth models not only to a specific set of data but also to two or more 

entirely different sets of data. The equation with the least standard error of the estimate will most likely 
also have the maximum   

 . In this manuscript, only those results were considered which had   
  value 

not less than 0.99. 
Step V: Confidence Interval: In this step, the confidence intervals of the estimated parameters were found. 
Let   is the vector of the parameters (say the parameters are           ) of the growth models. 

Confidence limits for the true value of the parameters   were evaluated on the basis of the linearized 

approximation, evaluated at the predicted value of the parameters    . The           confidence 
interval for the parameters   was 
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Where   
 
     was the         at     degrees of freedom and 

                                                 
  
   

 

 
. Here                       

              
  

    and 

   

 
 
 
 
 
 
 
 
        

   

        

   
 

        

   
        

   

        

   
 

        

   
 

        

   

 
        

   

  

 
        

    
 
 
 
 
 
 
 

  

The final estimate of the parameters with     confidence band excluding zero, indicating that there 
were only non-zero values of the parameters and then they were always significant. In this step, those 
results with negative confidence interval had been eliminated.  

Step VI: Approximate    for Prediction: Finally, calculate the approximate    for prediction and it was 
given by 

           
    

     

         
  

Where         
  

     
 
 

 
    was known as the PRESS statistic. Here,           and     were the 

diagonal elements of hat matrix              and   was a     matrix of the independent variables. 

This statistic gives some indication of the predictive capability of the model. If the value of            
  

was   and the value of   was  , then one could expect from the model to explain about    of the 

variability in predicting new observations, as compared to the approximately    of the variability in the 
original data explained by the fitting (Mayers et al., 2012). Base on this statistics, the best fit model for 
different growth of babul tree in India was selected. 

 

RESULTS AND DISCUSSION 
Chapmen Richard’s growth models and its various limiting cases have been fitted to top height and 
maximum diameter growth data of babul trees compiled from Uttar Pradesh, Maharashtra and Madhya 
Pradesh of India.  
The parameters of these models are estimated using a total of twenty four methods of estimation. The 
estimation of parameters for the growth models along with the summary of statistical analysis to top 
height growth data of babul tree are presented in Table 5. Based on six model selection criteria as 
discussed above we summarized the results as bellow. 
Step I: The Logistic model estimated by method B and D are rejected due to non-logical estimation of the 
parameters. All the methods have estimated the asymptotes smaller than the dominant height of babul tree 
(17.98m). The estimated parameters of the rest of the models are logically consistent and biologically 
significant.  
Step II: The chi square test is not applicable for Chapmen Richards and Von Bertalanffy growth model as 
this study used a data set with five observation and the both models has four parameters each. In that case, 
the degree of freedom becomes zero and there is no any chi square value for zero degree of freedom. 
Based on step II, Gompertz growth model (method B, D and E) and Logistic model (method A, C, E and 
F) are rejected due to having less than     level of significance. 
Step III: Considering the relative value of RMSE, the ten best results have been selected in this step. 
Comparing the value of RMSE, Monomolecular growth models with all its methods of estimation, 
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Gompertz growth model with method F, Chapmen Richards model for method B and Von Bertalanffy 
growth model (Method A and B) are promoted for the next level. 

Step IV: In the fourth step, no growth result has been eliminated as all surviving results have   
  value 

0.99. 
Step V: All surviving results along with the 95% confidence level are demonstrated in Table  6. It is 
observed that the Von Bertalanffy growth model (method A and B) is removed as some of the parameters 
of this model are not significantly different from zero at 95% confidence level. 

Step VI: The sixth and final selection criterion is based on   and            
 , as this statistic gives some 

indication of the predictive capability of the growth models. From the final step, we select the best growth 
model.  
In case of top height growth data of babul tree, the Monomolecular growth model (methods A, C, D, E 

and F) is found to be more suitable as the value of            
  and    (99.99 and 99.99 respectively) are 

better than the remaining surviving growth models. The observed and the estimated values are shown in 
figure 1. The eliminated results in each step are highlighted accordingly in the Table 5.The estimation of 
parameters for the growth models and the summary of statistical analysis to maximum diameter growth 
data of babul tree are presented in Table 7. In this case, logistic growth model (method B and D) and 
Gompertz growth model (method B) are rejected due to non-logical estimation of the parameters. In all 
the cases, some of their parameters estimate of asymptotic parameters smaller than the dominant diameter 
of babul tree (34.29cm). The eliminated results in each step are also highlighted accordingly in the Table 
7. For maximum diameter growth data of babul tree, the chi square test is also not applicable for 
Chapmen Richards and Von Bertalanffy growth model as both have zero degree of freedom. Gompertz 
growth model (method A, C, D, E and F) and Logistic model (method A, C, E and F) are rejected due to 

having less than     level of significance. In the third step, comparing the value of RMSE, 
Monomolecular growth models with all its methods of estimation, negative exponential growth model 
(method  A and B),  Chapmen Richards model (method A) and Von Bertalanffy growth model (Method  
B) are promoted for the next level. The Von Bertalanffy model (method B) is eliminated in the step V, as 
some of the parameters of this model are not significantly different from zero at 95% confidence level 
(Table 6). And finally, we choose the best fit model and find that Monomolecular growth model with 

method C, D, E and F give the similar results with the            
  and    values 99.97 and 99.99 

respectively. The two results are plotted in order to illustrate their differences (Figure 2). All the results 
produced a very similar result for maximum diameter growth data of babul tree in India. There might be 
more than one model that to be regarded as 'useful'. It means that the data are inadequate and ambivalent 
concerning some impact or parameterization or structure. It is reasonable that several models would serve 
almost similarly well in approximating a set of data. There is often considerable uncertainty in the choice 
of a specific model as the "best" approximating model (Burnham and Anderson, 1998). However, from 
the results presented in this paper, it is clearly observed that for top height growth data of babul tree, 

Monomolecular growth model along with methods A, C, D, E and F (value of            
  and    are 

99.99 and 99.99 respectively) is found to be more suitable than the remaining growth models whereas 

Monomolecular growth model with method C, D, E and F (           
  and    values are 99.97 and 99.99 

respectively)provides a better fit for maximum growth data. In the study by Tewari et al., (2007), 
calibrate three growth models to the height growth of Acacia Nilotica in Gujarat state in India. A similar 
study was also done by Abakar and Ahmed (2014) for the growth of the species in Riverine Forests - Blue 
Nile. In both work, the parameters were estimated using two different methods of estimation, which 
involve minimizing the objective function using nonlinear optimization technique. The newly introduced 
methods of estimation present in this paper demands less computation and can use any growth data. In 
contrast, modern statistical methods required some depth knowledge of mathematics. This paper shows 
some simple method for dealing with data without a regular spacing time. This will provide some simple 
tools for researchers with limited experience in the application of more complex models. This study will 
help the researchers in the area of forestry and mathematical modeling. 
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Table 4: Summary of Some Basic Properties of the Growth Models 

 Chapman Richards  Von Bertalanffy Logistic Gompertz  Monomolecular  
Negative 

Exponential  

Integral form of 

the growth 

function 

    

             

    

          
    

 

    

 

       
         

                      

Upper asymptote             

Starting point of 

the growth 

function 

                 
 

    
 

   
               

Growth rate 
       

                 

   

   
       

       

          
           

                    

Relative growth 

rate as function 

of time 
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Table 5: Estimated Parameters and the Fitted Values of the Candidate Models along with the Summary of Statistical Analysis for Top 

Height Growth of Babul Tree in India 
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Table 6: 95% Confidence Intervals of the Parameters of the Candidate Models 

Data Models Method 
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Limit 

Upper 

Limit 

Lower 
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A                                                   
B                                                   
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A                                                     
B                                                     

Logistic 

A                                               
B                                                  
C                                               
D                                                 
E                                               
F                                               

Gompertz 

A                                               
B                                                
C                                               
D                                               
E                                               
F                                               

Monomolecular 

A                                               
B                                               
C                                               
D                                               
E                                               
F                                               

Negative 
Exponential 

A                                           
B                                           

Maximum 
Diameter 

Chapmen  Richards 
A                                                   
B                                                   

Von Bertalanffy 
A                                                      
B                                                     
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C                                               
D                                               
E                                                
F                                               

Monomolecular 

A                                               
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C                                               
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E                                               
F                                               
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Exponential 

A                                           
B                                           

 

Table 7: Estimated Parameters and the Fitted Values of the Candidate Models along with the Summary of Statistical Analysis for Maximum 

Diameter Growth of Babul Tree in India 
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Figure 1: Observe and Estimated Values for Top Height Growth of Babul Tree Using 

Monomolecular Growth Model with Method A, C, D, E and F 
 

 
Figure 2: Observe and Estimated Values for Maximum Diameter Growth of Babul Tree Using 

Monomolecular Growth Model with Method C, D, E and F 
 

Conclusion 

This paper attempted to find the best fit growth model along with the best method of estimation for the 
babul growth in India based on the available data. This study presents a comparative study among 
Chapmen Richards’s growth models and its various limiting cases. By observing all the results and 
discussion, it can be concluded that, the Monomolecular growth model was more reasonable over the 
remaining growth models for describing the growth of babul in India. One may consider any method of 
estimation (From method A to method F) to estimate the parameters of the Monomolecular growth 
model.  
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