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ABSTRACT

In this paper, the homotopy analysis method (HPM) is applied to approximate the eigenvalues of the forth
order Sturm-Liouville problems. The approximations start with an appropriate initial guesses. The
approximate solution for eigenfunction obtains as a series with h, 4 and x. Substituting the initial guess of
the main problem gives an equation with two parameters i which controls the convergence rate and 4
which is the unknown eigenvalue. The obtained equation is solved using Newton’s method with a special
search algorithm to approximate the eigenvalues. The numerical experiments show that, this method is
more accurate than the other methods.
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INTRODUCTION

The homotopy analysis method (HAM), which first was proposed by Liao in 1992 is a method for solving
nonlinear problems. This method has been successfully applied to many nonlinear problems, such as
nonlinear differential equations, nonlinear integral equations, partial differential equations, fractional
differential equations and so on (Jafari and Seifi, 2009; Abbasbandy et al., 2009)

The HAM does not depend on any small or large parameter. Besides, it logically contains other non-
perturbation techniques, such as Adomian decomposition method, Lyapanov artificial small parameter
method and &-expansion method, as proved by (Liao, 2003). Thus, the HAM is valid for much more
nonlinear problems in science and engineering. Moreover, there is a qualitative difference between HAM
and other methods that HAM includes an auxiliary parameter fi which controls the convergence rate of
the HAM series. (Abbasbandy et al., 2009), have shown that auxiliary parameter i plays a basic role in
the convergence rate control and prediction of multiple solutions of the equation. They use the auxiliary
parameterfi, for calculating multiple solutions of the Sturm-Liouville problems (Abbasbandy and
Shirzadi, 2011). We show that the method proposed by Abbasbandy et al., (2013), is useful for finding

just some first eigenvalues of the Sturm-Liouville problems. We use Newton’s method to find arbitrary
large eigenvalues of the Sturm-Liouville problems accurately.

MATERIALS AND METHODS
In this paper we consider the following class of two point eigenvalue problem of the form

y#(x) — ay(x) =0, x €(0,1),
Subject to

y(0) =¥'(0) =0, y(1) =y"()=0
Homotopy analysis method
Consider the following nonlinear equation

N[u(x)] =0,

Where, NV is a nonlinear operator and w{x) is an unknown function. For simplicity, we ignore all initial

and boundary conditions, which can be treated in a similar way. By means of the traditional homotopy
method, Liao constructs the so-called zero-order deformation equation as follows

(1—piLle(x;p) —up(x)] = paN[p(x)],
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Where, p € [0,1] is embedding parameter, i = 0 is a nonzero auxiliary parameter, L is an auxiliary linear
operator, ug{x) is an initial guess of u{x) and @{x;p) is an unknown function. It is important that we
have great freedom to choose auxiliary operator in the HAM. Obviously when p =10 and p =1, the
following relations hold respectively

¢(x;0) = uglx),  olx 1) = ulx).
Thus, as p increases from 0 to 1, the the solution ¢{x;p) varies from the initial guess 1y{x) to the
solution u{x). Expanding ¢{x;p) in Taylor series with respect to p, we have

d(x;p) = uplx) + Eioy u,,n (X)p™, ©)
Where
_ 1 M xip)
um(x} - m! a'I't:'m' -.'g;lzl::lI

If the auxiliary linear operator, the initial guess, the auxiliary parameter fi and the auxiliary function are
chosen properly, the series (3) converges at p = 1, and we have

ulx) = up(x) + X 5oy upm(x),
This must be one of the solutions of the original nonlinear equation as proved by Liao. The governing
equation can be deduced from the zero-order deformation equation. Define the vector

1y, = {up(x),uy (x), ..., u, (20},
Differentiating (2), m times with respect to the embedding parameter pand setting p = 0 and finally
dividing by m!. We have the so-called mth-order deformation equation

Lt (x) = Xopttmq ()] = AR (T (x)),

Where
. 1 @™ WN[(ap)]
Rm{um-l(ﬂ} Clm— dpmet |'p=|:;
And
0 m=1
xh={‘ ’
1, m = 1.

The Method of Abbasbandy et al., (2011)
Consider the following eigenvalue problem
y#PW -y =0 xe(), (6)
Subject to
y(0) =y'"(0)=0, »1)=y"(D)=0. ©)
We follow the method presented by Abbasbandy et al., (2009) t solve (6) and (7). They assumed that the
solution of (6) can be expressed by a set of base functions
fx?,x3,x%,x7,..]
In the form
ulx) = EZ,dx¥ 2+ EZ,0xM 8, (8)
Where ¢; and d;s are coefficients to be determined. Under the rule of solution expression denoted by (8),
it is obvious that one must choose the auxiliary linear operator
Ll (x,p)] = ¢ (x,p).
From (6), the nonlinear operator is chosen as
Nlg(x,p)] = ¢4 — Ag(x, p).
According to boundary conditions (7) and the rule of solution expression (8), the initial approximation is
chosen in the form

z E
HD(.‘X,'} _ cx dx

2 6
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Then we have
R (e (0) = ur — 1 (x) — Autpy (2.
Now the solution of the mth-order deformation equation for m = 1 becomes
Uy (%) = Fonlm—1(x) + 7 f;f: f; f;Rm{ﬁm_lfx}}dx dx dx dx.

Consequently, the first few terms of the HAM series solution are as follows
1

1
uy(x) = — — Ach x%— ﬁﬂdh x7,
Ach+Ack® Adh+Adk® Ak AZdR®
uzl(x) = — (f)xﬁ — (—)x? +—x10 — 511
720 5040 5040 39916800

Accordingly, the mth order approximate solution of the HAM, w,,, (x), is in the form
W () = B2 u; (x) = ¢ pp () + d g, (x). )
To the mt order approximate solution (9), which still depends on the eigenvalues 4, ¢, d and parameter i,
conditions (7) reads
cpm (1) +dg,(1) =0,
cpm (1) + d g, (1) = 0.
This means that to obtain the eigenvalues 4, and in order to have a nontrivial eigenfunction solution, we

must have

Pm(1) qm(i})

rh,l=dt(,, i’ = 0.
w(h,2) =de Pml1)  gm(1)

Equation (10), which depends on the eigenvalue A and the auxiliary parameterfi, is used in plotting f-

curve and consequently, in finding eigenvalues.

(10)

RESULTS AND DISCUSSION
The first six eigenvalues which were approximated by Abbasbandy et al., (2011) are as follows

Table 1: First six eigenvalues approximated by Abbasbandy et al., (2011).

k Approximated A

237.72106753
2496.48743785
10867.58221697
31780.09645427
74000.84934655
148634.47747229

o O A O WN

Newton’s Approximation Method

To try for approximating some grater eigenvalues of equation (6), it is difficult to identify the horizontal
plateaus of A. Then we conclude that the method proposed by Abbasbandy et al., (2009) is not convenient
for approximating of large eigenvalues.

In this paper we solve the equation (10) substituting i = —1 using Newton’s iteration method. We plot
w(h = —1,4) if figure 1 and 2 for A € [0,10000] and A € [10000,100000] to choose initial guess for

Newton’s iteration method. Table 2 shows approximated eigenvalues and their initial guess for 10 first
eigenvalues of equation (6). We use 40 digits for computations and take m = 100,
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Figure 2: plot of w(—1, 1) in Eq. (10) for A4 € [10000,100000].

Table 2: First 15 eigen values and corresponding absolute errors of equation (Abbasbandy et al.,
2099) approximated in this paper

k Initial guess Approximated A

1 200 237.7210675311166465900022714711757243348
2 2000 2496.4874378568316694407338614891519844101
3 10000 10867.58221697888887577044868690045259095
4 30000 31780.09645408107664826832620768257245375
5 70000 74000.84934915549338035227010529471561971
6 140000 148634.4772857703202232144346621339891274
7 250000 269123.4348266417101985451058069302899633
8 450000 45127.9947192781420698281547982236463355
9 700000 713126.2478960040694276728478829176871073
10 1500000 1560305.288755102516377648854373378194366
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Conclusion

In this paper, the HAM has been applied to numerically approximate the eigenvalues of the Sturm-
Liouville problems. In the plot of 4 as a function of fi, several horizontal plateaus occur, which indicates
the existence of multiple solutions. Indeed, every horizontal plateaus corresponds to an eigenvalue of the
Sturm-Liouville problem. We show that this method is just suitable for approximating some first
eigenvalues of the Sturm-Liouville problem, because it is difficult to identify the horizontal plateaus of fi-

curve for large values of fi. Instead, we use Newton’s iteration method with suitable initial values to solve

the proposed nonlinear equation. The illustrated example shows the efficiency of this method compared
with classic HAM.
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