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ABSTRACT

On the geometrical concept Bhaskaracharya in his Lilavati gave the names of different plane-geometric
figures such as:

1) é—orl{(Ksetram) — field — means plane geometric figure.

2) 7&H(Tryasram) — triangle — it has three angles and three sides; it is also called s —
trilateral — it has 3 sides.

a) SqTeIH(Jatyam) —right-angled triangle — S[sTehTteanuTt:(Bhujakotikarna) — it has base, an altitude
(perpendicular to base) and a hypotenuse.

b) seqerFH (Antarlambam) — acute-angled triangle — all perpendiculars are internal.

c) FfgeiraH(Bahirlambam)-obtuse-angled triangle — it has external perpendicular.

3) =qeeH(Caturasram) — quadrilateral — it has four sides as well as four angles.
a) THuT(Samakarna) — equal diagonals

A. HYST(Samabhuja)— square — equal sides.

B. Wﬁ?@(m (Ayatan dirghacaturasram)— rectangle.

C. ATTHATFH(Ayatasamalambam) — isosceles trapezium.

b) fareweT — equal diagonals.
A. ferErTsT(Bisamabhuja) — unequal sides.

B. A= (Samalambacaturbhujam) — trapezium.
4) TgTeH(Paiicasram) —pentagon; TSTEH(Sadasram) — hexagon.
In this paper we are considering verses which assumes algebraic formulae in triangle, of course coplanar.

INTRODUCTION
AR A A H (A A e gra A g rad (v eI TR A ST

T A e A TR TE R [ S AT AT T [ e e Ta H

Transliteration

Pritirh bhaktajanasya yo janayte vighnam smrstarh vrndarakavrndavanditapadam natva matangananam |
Patim sadganitasya vacmi caturapritipradam prasphutarh sanksiptaksarakomalamalapadairlalityalilavatim
|

English Version

Having bowed to the God, whose head is like an elephantl; whose feet are adored by host of deities; who,
when being remembered, relieves his votaries from embarrassment i.e. causes delight among the devotees
by removing obstacles and bestows happiness on his worshippers; I1? propound this easy process of
computation® (arithmetic) to be demonstrated by expert mathematicians, delightful by its elegance®,
perspicuous with words concise, soft and correct and pleasing to the learned.

In the sixth chapter of Lilavati, Bhakaracarya delt with plane geometry & its properties whereas in
seventh chapter he dealt with problems & mensuration.
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We are trying to demonstrate the Slokas with their symbolization with some examples.

MATERIALS AND METHODS

Methods

In sixth chapter of Lilavati, Bhakaracarya dealt with plane figures:
TOISETTH:

Sastha’dhyayah

EREECCRALE

Atha ksetravyavaharah

Now, plane figures are dealt with.

- Ksetra’ means plain geometric figures. Best commentaries on Lilavatihad been provided in
Buddhivilasini of Ganesadaivajiia and according to him geometrical plane figures considered by
Bhaskara-11 were of four fold: triangle®, quadrangle’, circle® and bow”.

TASTRTCH  ATHA AT T A AH AT A g5 aH1 £ 3 3

Transliteration

Tatra bhujakotikarnanamanyatamabhyamanyatamanayanaya Karanasttram vrttadvayam |

English Version

Here, side, altitude and diagonals™ are considered and dealt with base, altitude and hypotenuse.

TR - ETaE =T fRefiavraTg:|

SEEqEaTTRITe:  Ffrarasa: 1933

Transliteration

Istadvahoryah syattattspardhinyam disitaro vahuh |

Tryasre catusrevasakotih kirtita tajjiaih ||133

English Version

In a triangle or quadrilateral, with a desire side, a perpendicular to the side will the other side and it is
called altitude; it can only guess by learned.

S IOIRIN R EE R R LRI E RG]

TR aF racaadng: 11§ 3%

Transliteration

Tatkrtyoryogapadam karno dohkarnavargayorvivarat|

Milam Kkotisrutikrtyorantaratpadari bahuh||134

English Version

The square-root of the sum™ of the squares of those legs™ in the diagonal. The square-root, extracted
from the difference of the squares®’ of the diagonal and side, is the upright; and that, extracted from the
difference of the squares of the diagonal and upright, is the side'®.

Algebraically, we consider, in a right-angled triangle, sides containing right-angle are a and b whereas
hypotenuse is c. Then, as per above citation:

1. va? +b?=c

2. Vez—a?=bor,Vc?—b%?=a

It has been expressed in Euclid’s Proposition-47 of Book-
The Pythagorean theorem was demonstrated and proved in Baudhyayan Sulba Sitra (800 BCE) as:

ST QOTEITEAT T TTSAATAT (av] AT o I 2] FEaeagad Had |

Transliteration

Dirghachaturasrasyaksanaya rajjuh par§vamani tiryagmani cha yatprthagbhiite kurutastadubhayam karoti
|

English Version

A rope stretched along the length of the diagonal produces an area which the vertical and horizontal sides
make together.

1
1,
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It means The diagonal of a rectangle produces by itself both (the areas) produced separately by its two
sides.

If this refers to a rectangle, it is the earliest recorded statement of the Pythagorean theorem.

FATR A LTS A T TA R T AT |

Transliteration

English Version

Now, algebraic method on right-angled triangle for the learned given below in two and half stanza.
LERIEC L R e R IR R CRRIH

ENRIRI G EEE L PIRIE I G R FA T E

ENIESEC CECEIREEE EIL CITEAER

Transliteration

Rasyorantarargena dvighne ghate yute tayoh|

Vargantararnyogo bhavedevar tayoryogantarahati|

Vargantararh bhavedevarh jioyarm sarvatra dhimatal|135

English Version

Twice the product of two quantities, added to the square of their difference, will be the sum of their
squares. The product of their sum and difference will be the difference of their squares: as must be
everywhere understood by the intelligent calculators.

1. 2ab + (a — b)? = a? + b?

2. (a+b)(a—b) =a?—b?

Geometrical interpretation of the above algebraic formulae was given by Euclid in his Propositions 5% &
9* of Book-II.

ER LRI EIVEECRERE

Transliteration

Atha tryasrajatye karanasutram vrttadvayam |

English Version

Now rule for generating right-angled triangles expressed in two stanzas.

TSI SERT U AT eI (AR AT

EIEA R E R IR R AR E R IR R RERERY

Transliteration

Isto bhujo’smaddvigunestanighnadistasya krtyaikaviyuktayaptam |

Kotih prthak sestaguna bhujona karno bhavettryasramidam tu jyatyam ||139

English Version

Let us take a base (side). Assume a number. Multiplying the side by twice of assumed number and
dividing by one less than the assumed number altitude is obtained. Multiply altitude by assumed number
and subtract the side from the product is hypotenuse. Such triangle is termed as right-angled triangle.

Let a denote the base / side and assumed number is n. Then, proceeding as per rule altitude h = 2an

nz-1

and

2 241
then hypotenuse b = % XN—a=aX-—-

nz-1
Now, verify it as:
az + (Zan )2 az {(nz _ 1)2 + 4n2} — az(n2+1)2 — [ n2+1]

nz-1) ~ (n?-1)? (n?-1)? n2-1
The quantities, 2n, n? — 1, n? + 1 represent base, altitude and hypotenuse respectively as because
2n)?+ n?-1)2 = (n? + 1%
Let us consider another right-angled triangle similar to above with side a. Then, for similar triangle, sides
. . . - 2an
of the two triangles are proportional. So, altitude of second triangle =

nz-1’
As n Xaltitude of above triangle = its side (base) + its hypotenuse.

2

Centre for Info Bio Technology (CIBTech)


https://en.wikipedia.org/wiki/Pythagorean_theorem

International Journal of Innovative Research and Review ISSN: 2347 — 4424 (Online)
An Online International Journal Available at http://www.cibtech.org/jirr.htm
2016 Vol. 4 (4) October-December, pp. 46-53/ Bhowmick and Chitralekha Mehera

Research Article

Then n Xaltitude of present triangle = a + hypotenuse

2an _ 2an? n?+1

~ Hypotenuse =n X ———a = —— =a

This is the process, how expression of hypotenuse was obtained by Bhaskara-II.

2an n?+1

Therefore, we find two sets Pythagorean Triples [2n, n? — 1, n? + 1] and [a, g am]. These

triples are generalised forn =2, 3, 4, .. ...

TESEA A LSRG AT g AT g arar|

AR TR e TaTaTg T T AT ST Ul T & q: 1| ¥

Transliteration

Ista bhujastatkrtiristbhakta dvih sthapitestonayutardvita va |

Tau kotikarnaviti kotito va bahusrati va’karanigate stah || 140

English Version

Let us consider a side and an arbitrary assumed number. Square the side, divide by the assumed number,
is set down in two places, and the assumed number being added and subtracted; then, sum and difference
is halved, the results are hypotenuse and altitude. Or, in like manner, the side and hypotenuse may be
deducted from the altitude. Both results are rational quantities.

Let a denote the side and n the assumed number. Then, by rule% (%2 + n) = hypotenuse, %(%2 - n) =
altitude of the right-angled triangle.

Let us verify it:

2y 1/a? 2_1(a2—n2)2_4a2n2+(a2—n2)2_(a2+n2)2_ 1 a2+ 2
@ AT L a 4n2 Tz 2\m !

2 2
Thus, the triple a, %(% - n), %(% + n) are base, altitude and hypotenuse of a right-angled triangle. For
any integer n > 0 generates as many rational triangles as required.

TATHITT R S ATTAT LT ATTH|

Transliteration

Athestakarnatkotibhujanayane karanasutram vrttam |

English Version

Now, a rule to find base and altitude of a right-angled triangle with given hypotenuse.

EECIE NI E ER N EIDE IoE R S IRDE R

Tt I RE e e e H=ETg: 12 % R

Transliteration

Istena nighnad dvigunacca karnadistasya krtyaikayuja yadaptam |

Kotirbhavetsa prthagistnighni tatkarnayorantaramatra bahuh ||142

English Version

Twice the hypotenuse taken into an arbitrary assumed number, being divided by the square of the
assumed number added with one, the quotient is the altitude. This quotient multiplied by the assumed
number and subtracting the hypotenuse is the side or base.

Algebraically, let b is the hypotenuse and n is the arbitrary assumed number. Then, as per rule altitude
2bn 2bn? n?-1
2

= —— and side or base -b=b——.
ne+1 ne+1 ne+1

For verification, we see:

<2bn)2+ bnz—lz_bz
nz+1 n2+1)
PEIR LSRR RIS AR EERE:(

Transliteration
Prakarantarena tatkaranasutram vrttam |
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English Version

On the other way of finding sides with the help of hypotenuse of a right-angled triangle.
TEATUTE R (G 0TI ST |

A T AT 0T SR 1 e TSRSt 11 € %

Transliteration

Istavargena saikena dvighnah karno’tha va hrtah |

Phalonah $ravanah kotih phalamistagunrh bhujah ||144

English Version

Hypotenuse is doubled and divided by the square of an assumed number added to one. Hypotenuse less

than that quotient is altitude. The same quotient multiplied by the assumed number is the side.
2b n?-1,

Algebraically may be expressed as: Let us take hypotenuse = b; then, altitude = b — —al = bm, and
. 2bn
side = ——.
n<+1

It can be verified as:

2bn \? n? — 1\ 5
<n2+1) +<bn2+1> =b
On the basis of above triples we may take 2n,n? —1,n2 + 1 as Pythagorean triples as: (2n)? +
(n? —1)? = (n? + 1)? [As per verse-139].
HASTHT SR SR ATTHLOLA T
Transliteration
Athestanhyarh bhujakotikarnanayane karansutrarm vrttam |
English Version
Now, having side and altitude, hypotenuse can be determined.
R AR IE CCRIES R B
FIATRETT A ROATHRTIT: 1 4 ¥
Transliteration
Istayorahatirdighni kotirvargantaram bhujah |
Krtiyogastayorevarn Karnascakaranigatah ||145
English Version
Let twice the product of two assumed numbers will be altitude and the difference of their squares, the
side: the sum of their squares will be the hypotenuse, and a rational number.
Algebraically, let two assumed number are a and b; then 2ab = altitude where side = a? — b2,
Therefore, hypotenuse = /(2ab)? + (a2 — b2)2 = a? + b2,

RESULTS AND DISCUSSION

Result

Pythagoras triple was known to Indian from ancient times and its used in different forms were within the
verses in Debanagari Scripts.

Conclusion

It is Indian heritage that Sulvasiitram refers to Pythagoras Theorem, in particular, through it stands for any
of the geometric rules of Baudhdyana, Manava, Apasthamba and Katyayana Sulvasiitras. \Where
Sulvasiitram contains Pythagoras Theorem in three forms: If a = altitude, b = base and ¢ = hypotenuse,
then va? +b?=c, Vc?—b?=a and Vc?—a? =b. From the know-how of above verses by
Bhaskaracarya we may conclude that different processes of determining base or altitude or hypotenuse of
a triangle-triangle had been introduced then in his Lilavarti. More over the expression we find that
Pythagorean triples used then were not only integers but also fractions. These shows advance thinking
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was then for the use of Pythagorean Triples. In most of our school mathematics we use triples of whole
numbers but it should be generalized. This types of geometrical concepts is a part of Mathematics
Education.

Notes

1. Ganesa, represented with elephant’s head & human body.

2. Bhaskaracarya

3. agfraeaaTdia=a—describe arithmetic demonstrated by expert mathematicians. Patiganita

where par means paripart i.e. methodical or Vyaktagapita i.e. arithmetic. FTqEHTaSaT — which satiates
the ingenious intellect.

4. TEpeTATereaetaradiy - lucid beautifully sportive Lilavar where it means delightful.
IS ATA-HIATHA-T4: — by beautiful and lucid words characterized by brevity.

5. It signifies plane surface bounded by straight-lines or curved-line.

6. =76 — Tryasra (P17 — trikopa, 19T — tribhuja) contains three (s —asraor &1 - kopa) angles

and consisting of as many (¥S— bhuja, 9Tg — Bahu) sides and word had been invented from human arm.
7. FILH— Caturasra (TR - catuskona, IS — caturbhuja) is quadrilateral or tetrahedron is
consisting of () four (3F—asraor FIT- kona) angles or (T bhuja) sides.

8. Fga-Vartula.,

9. =TT — Capa: Arc.

10. FU7- hypotenuse. A diagonal or oblique line connecting two extremities of two sides is the karza
also termed as sruti, sravana literally means ear. It is diagonal of tetragon / parallelogram wherefore
triangle is half of it and in case of right-angled triangle it is hypotenuse.

11. The other side in the rival direction is called the upright. Which proceedsin the opposite direction
at right angles .e.iand it is called ko¢i, Ucchraya, Ucchriti or by any other terms signifying as upright or
elevated. Here both are alike sides of right-angled triangle or of tetrahedron differing only assumptions.

12. Feeqa=a7f2far- in the direction perpendicular to the side.

13. FITe:- altitude / ordinate.

14,  gsai:-by the learned.

15.  TRT9E- square-root of sum

16. FcAT:- squares of two sides

17.  g&faa¥d- square-root of difference

18. The proof, both algebraically & geometrically was given by Ganesa, (flourished in 1507 CE) in
his Commentary on Lilavati, as ST9iareqmaadr (Upapatti avyakta kryaya) — Algebraical proof;
gETarag i (Ksetragatopapatti— Geometrical proof; Bhaskara-11 also gave its proof in his Vijagazitam
8146.

19. In right-angled triangles, the square on the side subtending the right angle is equal to the (sum of
the) squares on sides containing the right-angle.

20. FqaiTT- square of the difference of quantities.

21. f3#rTa- double the product of two quantities.

22. TRIFaTg - product of sum and difference of two quantities.

23. If a straight-line is cut into equal and unequal (pieces) then the rectangle contained by the unequal
pieces of the whole (straight-line), plus the square on the (difference) between the (equal and unequal)
pieces, is equal to the square on half (of the straight-line). ab + (aTJ’b - b) = (aT"Lb)Z or, 4ab +

(a—b)? = (a+b)?;0r4ab + (a — b)? = a? + b? + 2ab; - 2ab + (a — b)? = a? + b2.
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24. If a straight line is cut into equal and unequal (pieces) then the (sum of the squares) of unequal
pieces of the whole (straight-line) is double the (sum of the squares) on half (the straight-line) and (the

2
square) on the (difference) between the (equal and unequal) pieces. a? + b? = 2[(ﬂ) + (a—+b—

2 2
b02=2a+b22+a—b22=22a2+b24.

25. FTEHAT — base and hypotenuse.
26.  STHLOCRTA — rational.

27. FAHRIST — one plus the square.

Transcription / Transliteration

T A a S A, a EY l,i g L1

3 U, u S U, a ER R, 1 T E, e
T ai ar 0 i ou ED K, k
g Kh, kh T G, g I Gh. gh Ed n

El C,c =z Ch, ch ST J, ] Eil Jh, jh
El i z Tt ] Th, th g D, d
g Dh, dh L n q T, t o Th, th
T D, d Cl Dh, dh q N, n q P,p
k7 Ph, ph T B,b o Bh, bh q M, m
T y T R, r K| L, I q V, v
ar S, § T S,s q S,s g H, h
g d ] dh T Y S ’

il o1 h < L1
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