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ABSTRACT

This study develops a unified analytical framework for fractional nonlinear systems, focusing on the
third-order Korteweg—de Vries (KdV) and Burgers equations. Two semi-analytical hybrid methods are
employed: the Laplace Transform Decomposition Method (LTDM) and the Variational Iteration
Transform Method (VITM). The motivation arises from the increasing role of fractional calculus in
describing real-world processes, where memory and hereditary effects are essential, such as in anomalous
diffusion, nonlinear waves, and fluid dynamics.

The work begins with key preliminaries in fractional calculus, particularly the Atangana—Baleanu
fractional derivative in the Caputo sense, along with its Laplace transform features. The formulation of
LTDM and VITM is carefully outlined, including convergence analysis and error bounds. To demonstrate
their effectiveness, the paper applies these methods to benchmark problems: the third-order KdV system,
the generalized Hirota—Satsuma equations, the one-dimensional coupled Burgers equations, and a
two-dimensional Burgers model. In each case, series solutions are derived and validated against classical
integer-order results.

Numerical experiments, supported by tables and graphical comparisons, confirm that both LTDM
and VITM produce accurate and stable solutions across fractional orders. Importantly, as the order
approaches one, the solutions naturally reduce to the classical models, while fractional orders reveal
richer dynamical behaviors absent in traditional formulations.

Keywords: Fractional calculus, Atangana—Baleanu derivative; Laplace transform decomposition method
(LTDM), Variational iteration transform method (VITM); KdV equations, Burgers equations;
Convergence analysis

MSC 2020: 26A33; 35R11; 35Q53; 65M70; 65N35.

1 INTRODUCTION

Fractional calculus has emerged as a powerful tool for modeling systems with memory, hereditary effects,
and nonlocal interactions. Unlike integer—order operators, fractional derivatives provide additional
flexibility, making them suitable for complex processes such as anomalous diffusion and nonlinear wave
propagation [I. Podlubny 2020, R. Herrmann 2021, R . Metzler, 2022, F.Zeng, 2020]. These features
explain the growing use of fractional models in fields ranging from fluid mechanics and viscoelasticity to
control theory and epidemiology [J. Losada, 2020,M. Caputo, 2020, H. Wu, 2020].

Among nonlinear PDEs, the Korteweg—de Vries (KdV) and Burgers equations hold particular
importance. The KdV equation, first derived in 1895, models shallow water waves and later found use in
plasma physics and nonlinear optics [J. Yan, 2020]. The Burgers equation, proposed in 1915, describes
convection—diffusion processes and turbulence [M. Dehghan, 2021]. Their fractional counterparts extend
these classical models by incorporating memory and damping effects, thus better reflecting real-world
dynamics [X. Chen, 2021, Z. Wang, 2020, J. Singh, 2020].
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Exact solutions of fractional PDEs are rare, and purely numerical approaches are often costly.
This has motivated the use of hybrid semi-analytical schemes that merge transform techniques with
iterative corrections [Y. Khan, 2020, A.Saadatmandi, 2020]. In particular, the Laplace Transform
Decomposition Method (LTDM) and Variational Iteration Transform Method (VITM) have shown strong
potential in handling nonlinear fractional systems efficiently [A.M. Wazwaz, 2020, J. He., 2020,
S.Momani, 2020, C.Liu, 2021]. Recent studies confirm their success across diverse problems, especially
when combined with modern operators like the Atangana—Baleanu derivative, which balances
mathematical rigor with physical realism [N.Kumar, 2021, T.Abdeljawad, 2022, R.Shah, 2022,
A.Atangana, 2021, D. Baleanu ef al., 2022, H. Khan, 2022,S.Rezapour, 2022, M.Inc., 2022, P.Agarwal,
2023].

2 PRELIMINARIES

Definition 2.1 (Caputo derivative) Let f € C"[0,T] and o € (n — 1,n]. The Caputo derivative of

order o is given by

DIFO) =y Jo €= D7D (@) dr @.1)

Definition 2.2 (Atangana--Baleanu Caputo derivative) For ¢ € (0,1) and f € H'[0,T], the
Atangana—Baleanu Caputo derivative is defined as

ABCDZF(E) = 22 1 f'(x) Eq (-1 (t —1)7) dr, (22)
where E, denotes the Mittag—Leffler function and the normalization constant B(o) satisfies B(0) =
B(1) =1.

Definition 2.3 (Atangana--Baleanu RL () derivative)

For o € (0,1), the Atangana—Baleanu Riemann—Liouville derivative is given by
B(o) d

ABRDZF(t) = 222 [V (1) Ep (2= (t = 1)7) dr. 23)

Definition 2.4 (fractional integral)

For o € (0,1), the associated fractional integral is
1-0

BIZF) = 5o O + gm0 Jo (=D @ dr. 2.4)

B(o

Laplace identity for ABC.
Let F(s) = L{f}(s) andset a:= d/(1 — o). The Laplace transform of the ABC derivative satisfies

B O'F _ U—lf 0
LOAREDEfY(s) = 12 OO @)
as shown in [29].

Lemma 2.1 (Boundedness)
If f € HY[0,T], then the operator “B¢DZ:H' — L? is bounded, i.e.,
I*BC D Nlz< C I f Ny
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Lemma 2.2 (Positivity)
If f =0 almost everywhere on [0,T], then its fractional integral satisfies “4BIZf > 0.

Lemma 2.3 (Compactness)
The fractional integral operator “4BI1Z:1%[0,T] - C[0,T] is compact.

Existence and uniqueness.
Consider the abstract problem
ABEDZU(t) = LIu(®)] + N[u®)] +g(), u(0) = u,, (2.6)
where L is a bounded linear operator on a Hilbert space X, N is locally Lipschitz on X, and g €
L%(0,T; X).

3 Laplace Transform Decomposition Method (LTDM)

We now develop the Laplace Transform Decomposition Method (LTDM) for a class of nonlinear
fractional partial differential equations. Throughout, AB¢D¢ denotes the Atangana—Baleanu derivative in
the Caputo sense, while £ and V' represent, respectively, a bounded linear operator and a locally
Lipschitz nonlinear operator acting on a Hilbert space X.

3.1 Model problem
We begin with the general nonlinear fractional PDE
ABCDOU(x, t) + L[u(x, )] + N[u(x, )] = f(x,t), 0<oc<1, (3.1)
subject to the initial condition
u(x,0) =uy(x), x€q. 3.2)
The task is to determine an approximation for u(x,t) that converges to the mild solution of (3.1)—(3.2).

3.2 Laplace-domain representation
Applying the Laplace transform in ¢ and using the identity for the ABC operator (with
a:=0/(1—-0) and B = B(0)), we obtain

B D'U( : )_ o—-1 (
L{ABCDguY(s) = = - THEDT_ ) (3.3)
This leads to the relation
or7_c0—1
= ML LU+ N[U = F, U= L{u}, F = L{f} (3.4)
Rearranging terms gives
U(x,s) =G(x,s) — A.(s) (LIU] + N[UD, 3.5
with
_ s 1-0 F(xs) _lo 1
G(x,s) = oia uo(x) + 5 orn’ A(s) = = wora (3.6)
3.3 Inverse transform and kernel structure
The key element is the inverse transform of A, (s), which defines the kernel
Ko(t):= LHA()I(E) = =2 t77LE, o (—at?), (3.7)

where E;, is the two-parameter Mittag—Leffler function. Using this kernel, the time-domain

formulation of (3.5) becomes
u(,t) =g t) — (Ko (Lu] +NuD)(xt), g=LT{G)} (3.8)

Centre for Info Bio Technology (CIBTech)




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2026 Vol. 16, pp. 9-23/Saiganesh and Rajkumar

Research Article

with * denoting temporal convolution.

3.4 Adomian decomposition
To solve (3.8), we expand u = Ym—o U, and represent the nonlinearity via Adomian

polynomials:
0 1dm )
N[u] = Zm=0 Am, Am = Edﬂ._mN(Zk:O Akuk)|/1=0.
Substituting into (3.8) yields the LTDM recursion
U6 t) = L7HCOL IO, U (6 t) = = (Kp * (Llum] + A4n))(x,8), m=0.  (3.9)
This recursive scheme generates successive approximations that converge under suitable contractivity
conditions.

3.5 Functional framework
We work in the Banach space X:= C([0,T]; X) with norm
Il = supeepor Il uCt) lx.
The operator £ is assumed bounded with || £ |[= M; < oo, while V' is taken to be (locally) Lipschitz
with constant Ly on a closed ball in X.

3.6 Convergence analysis
We first compute the L' norm of K; on (0,T). Since

S Ep(—at®) = —at" 1 E, . (—at?),

we obtain
Jy t7 Eqp(—at®) dt = = (1 - Ey(—aT®)). (3.10)
Thus,
(1-0)? (1-0)?
Il Ko 200y = % (1 — Ey(—aT?)) < % (3.11)

Define the fixed-point map
Tu)(6):= g(t) — [ Ko (t — 7) (L[u(®)] + N [u(0)]) dr. (3.12)

Theorem 3.1 (Convergence of LTDM)
Let M; and Ly be as above. If
q: =l K5 lljaory (M +Ly) <1, (3.13)
then T is a contraction on X, and the LTDM series u = Y,;m—o U, converges in X to the unique mild
solution of (3.1)—(3.2).

Proof. For u,v € X and t € [0,T],
ITW@®) = Tl < fy 1Kot = DL = v(@)] + N [u@)] - N [v@)]lx dr
< My +Ly) Nu—vlx [, |K(t — 1) d.
Taking the supremum in t shows
lTu—-Tvix<q lu—vly.

If g <1, T is a contraction and hence has a unique fixed point u, which is the desired mild solution.
The LTDM iteration coincides with Picard iteration for T, establishing convergence.
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Remark 3.1 (Time-uniform criterion) Condition (3.13) is automatically satisfied if
_ N2
QoD (M, + Ly) < 1, (3.14)

o B(o)
which does not depend on T and therefore provides a convenient time-uniform stability criterion.

3.7 Error estimates

Let Sy:=YN _o u,, and Ry:=u — Sy denote the Nth partial sum and remainder. We now
establish a geometric error bound.

Lemma 3.1 (Successive-difference bound)
If g <1, thenfor m = 0,
| U1 — Um Ix< @™ Nl ug —ug llx. (3.15)

Proof.
Subtracting the recursion (3.9) at consecutive indices gives
Uns1r — Um = — Ko * (L[wm — Um—1] + (A — Am-1))-
The Lipschitz continuity of N implies
Il Ay — App—q Ix< Ly Il Uy, — Uppp—q k.
Hence,

I Umsr —um Ix<q Il Uy — U1 lIx,
and the bound follows by induction.

Theorem 3.2 (Geometric remainder bound) Under q <1,

N
I Ry llx< f’_—q Iy — ug ly. (3.16)

Remark 3.2 (A priori stopping rule) Given tolerance € > 0, it suffices to take
N 2 log((l—q) S/”ul_uOHX) (317)
logq
to guarantee || Ry llx< €. Since q is explicit in (3.11), this provides a practical iteration budget.

4 Variational Iteration Transform Method (VITM)

We now develop a variational counterpart of the transform-based scheme for the abstract ABC
-fractional problem
ABCDOU(x, t) + Lu(x, )] + N[u(x, )] = f(x,t), u(x,0)=uy(x), 0<o<1, 4.1

posed on a spatial Hilbert space X, possibly vector-valued. Section 3 introduced the LTDM recursion
driven by the kernel

1-0 1 1-o0 o

— p-1{1-0 _1-0 -1 g =7
Ks(t) =L {B(J) s"+a} = B(0) t Ea,a( at?), a:= 1-0°
Here we formulate a variational iteration whose Lagrange multiplier cancels the ABC residual at each

step.
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4.1 Correction functional and residual
We begin by defining the residual of (4.1) at a trial function u:

R[u](t): =2BC DZu(t) + L[u(t)] + N[u(®)] — f(t). 4.2)
The variational iteration method (VIM) introduces a correction functional with a fractional multiplier
kernel A,:
t
Ums1(t) = up () = [§ 2s(t = T) Rlup](x)dr, m=012,.., 4.3)
where u, is an initial approximation specified below.

4.2 Design of the multiplier via Laplace transform (ABC case)

Applying the Laplace transform in time and using the ABC identity,

{ABCDJu}( ) — B(G) s9U(s)—s%"u(0)

s%+a !

the transform of (4.3) becomes
B s%Up(s)—-s’ tug

U1 (5) = Upn(5) = g () [ T0mOT 00 4 11, 1(s) + N [Un(5) = F()], (44)
with Ay, = L{A;}, F =L{f}, and B=B(0o). To enforce exact cancellation of the ABC
contribution, we choose A, such that

CA(s) 2= o1 = | A () =— e te| (4.5)

1-0 s%+a B(o) s°

With this choice,

[ o—-1
B s%Um-—s Ug

—As 1-6  s%+a = Un =57 up,
and (4.4) simplifies to
-1 1-0 F 1-a
Umr () = Sty + =220 = 22 (LU | (5) + N [Upn](5)). (4.6)
=:G(S) =:A.(S)
Taking inverse transforms yields the VITM recursion
[to(0) = L7HGHO),  Umia(8) = uo(®) = (Ko * (Llttm] + N [un ] (O] (4.7)

Hence VITM and LTDM share the same data gain u, = £L~1{G} and the same kernel K, while VITM
is derived from the variational cancellation of the ABC residual.

Time-domain multiplier.
Inverting (4.5) gives the explicit multiplier

Ao(®) = LA = = 32 (8() + a ), (48)

where the distributional term § provides an instantaneous correction, and the fractional power
contributes the nonlocal adjustment consistent with the ABC kernel.

4.3 Functional framework and contraction parameter
We work in X = C([0,T];X) with norm || u llx= supefo,r] | w(t) llx. Assume || £ ll= M, and that

N is (locally) Lipschitz on the working ball with constant L. The fixed-point operator induced by (4.7)
is

t
(Trw)(6):=up(t) — [, Ko (t — D (L[u()] + N[u()]) dr. (4.9)
As in Section 3, the kernel mass satisfies
(1-0)? (1-0)?
I Ko lpcomy= B?-cr) (1 - E,(—aT?)) < GBE’G). (4.10)
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We set the contraction parameter
q:=Il K, ||L1(0,T) (M, + Ly). (4.11)

4.4 Convergence of VITM

Theorem 4.1 (Convergence of VITM)
If q<1 in(4.11), then T, is acontraction on X and the VITM iterates Uy, = Tyu,, convergein X
to the unique mild solution of (4.1).

Proof.
For u,v € X and t € [0,T],

t
I@GWE) — GIOlx < fy 1Kot = DI IL[u(@) — v(@)] + N [u(@)] = N[v@)]llx dr
<I Ko llp20,ry (ML + Ly) lu—vlix.
Taking the supremum over t yields | Tyu —Tyv lIx< q Il u—v llx. If g <1, the contraction mapping

theorem guarantees a unique fixed point u € X that solves (4.1) in the mild sense, and the iterates
converge geometrically.

Remark 4.1 (Time-uniform sufficient condition)
An immediate, time-independent criterion ensuring q <1 is

(1-9)*
UB‘(’U) (M, +Ly) <1, (4.12)

which makes explicit the dependence on the fractional order and operator magnitudes.

4.5 Error estimate for VITM
Let u denote the fixed point of T, and Sy:= YN _, u,, the N-term VITM approximation
generated by (4.7). Define Ry:=u — Sy.

Lemma 4.1 (Successive-difference bound)
If q <1, then for all m = 0,
| U1 — Um Ix< @™ Nl ug —ug lly. (4.13)

Proof.
Subtracting (4.7) at indices m + 1 and m gives
U1 = Um = =K * (Lum — um-1] + N[upm] = N {up-1)).
Lipschitz continuity of ' on the working ball implies || N[u;,] — N [tpm—1] Ix< Ly | vy, — Up—q lx.
Consequently,
Il Ums1r = um Ix<I K5 llp2c0,ry (ML + L) Il iy — Um—q lx=q Il iy — U1 Iy,
and the claim follows by induction.

Theorem 4.2 (Geometric remainder bound)
If g <1, then

N
=Sy Iy 150 g —ug lx. (4.14)
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Proof.
Writing the tail as a telescoping sum, u — Sy = Y=y (Uks+1 — Ux) in X, and invoking Lemma 4.1
gives

N
q
Il u_SN "XS ZI;.O:N qk Il Uy — UYg "X: Tq Il Uy —Upg ”x

1

Remark 4.2 (A priori stopping rule) For a prescribed tolerance € > 0, it suffices to choose
N 2 IOg((l_q) s/”ul_uOHX) (415)
logq
to ensure || u — Sy lIlx< €. Since q is explicit from (4.11) and (4.10), this yields a practical iteration
budget.

5 Applications: KdV- and Burgers—type Fractional Systems

We now illustrate the LTDM (§3) and VITM (§4) frameworks on four benchmark models: (i) a
two—component third—order KdV system; (ii) a generalized Hirota—Satsuma KdV system; (iii) a coupled
one—dimensional Burgers system; and (iv) a two—dimensional Burgers—type system. Throughout we fix
0<o<1lset a=0/(1—0) and B = B(0), and use the ABC resolvent kernel

_1-0 51 o _ (1-0)? o
Ka(t) ~— B t Ea,a(_at )' Il K» ||L1(0,T)_ 7(1 - Ea(_aT )) (5.1)
The corresponding data gain in the Laplace domain is
o-1 1-0 F(s) _
G(s) = g+ 7 0 ug(6) = LTHGHE) = Eo(—at) ug + () < f,  (52)

where F = L{f} and (---) denotes the standard AB integral weight. These ingredients are common to
all examples below.

5.1 Two—component third—order KdV system

On (&,t) € R x (0,T], consider
ABCDEY = 07 + ¢ 0 + ¥ Ogyp + f (&, 1), (5.3)
ABCDEY = =20 + d 0gh + £, (5, 1), (5.4)
with initial data ¢(&,0) = ¢o(&) and P(&,0) = Py ($).

Laplace formulation.
Let @ = L{¢}, ¥ = L{Y} and Fy = L{fy}, Fy = L{fy}. Using the ABC identity and
rearranging as in (3.5)—(3.6), we obtain
D =Gy — A ()[OZD + L{ de} + LY e},
Y =Gy —A(S)[-20FY + L{$ ¥¢}],
where Gy, Gy have the form (5.2) with (uy, F) replaced by (¢bg, Fg) and (g, Fy).

A(s) ==

B s%+a’

(5.5)

LTDM recursion.
Write ¢ = Ymso Pm> ¥ = Xmso Ym and decompose the quadratic terms via Adomian polynomials:
¢ q’)f = Zmzo Am, Y 710{ = Zmzo B, ¢ 1/)5 = Zmzo Cons
with, e.g., Ag = PoPos, A1 = P10z + PoP1s, Bo = Yobor, Co = oo, etc. Applying L™ to (5.5)
yields
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b = L_l{qu}; bms1 = — Ky * (d)m,fff + A + Bp), (5.6)
Yy = L_l{Gzp}: Yms1 = — Ko * (=2 ¢m,$$$ + Cm), m = 0. .
VITM recursion.
Using (4.7) componentwise,
Pms1 = o — Ko * (d’m,{ff + ¢m¢mf + lpml/)mf)r (5.7)
Yms1 =P — Ky * (-2 lpm,{ff + d)ml/)mf)- .

First coefficients

1= =Ko * (Posze + PoPos + YWoPor), W1 = —Ko* (=2 ger + PoPor)- (5-8)

Remark 5.1 4s o T1, K; = 8 weakly and the fractional dynamics recover the classical (o = 1) limit
(e.g., traveling waves when the forcings fg, fy are chosen accordingly).

5.2 Generalized Hirota—Satsuma KdV system

Consider
ABCDZh =~ deer —3 b e +30:(W ) + [y, (5.9)
ABCDZY =3 0¢(p ) — Yege + fy, (5.10)
ABCDZE = 3 9g( ) = Lege + fo, -11)

Wlth lnltlal data (¢0, lpo, ‘go)

LTDM recursion.
Let ¢ =Yy, V=X Y,,, =% ¢, and denote the Adomian blocks for product

derivatives by
(lp{))f =2 B, (¢l/))€ = Cin (¢{))€ =X D, ¢¢€ =X Am.
Then

- 1
$o =L 1{G¢}' Pms1 = —Kq * (E Pmegg — 3Am + 3Bpm),
Yo =L NGyl  Ymer = =Ko * BCh — Ymese), (5-12)
ty =LHGp), i1 = Ky * BDm — Cmge)-

VITM recursion.

Gme1 = Po— Ko * G bmegs — 3 bmPmg + 3Wmbm)e),
Yms1 =Yoo — Ky * (3(¢mlpm)€ - lpm,{ff): (5.13)
1 =19 — Ky * (3(¢m‘€m)€ - {)m,é’é’é’)-
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First coefficients.

¢1=—Ks* (% boeee — 3 Pobos + 3(‘!’0{)0)5): Yy = —K; * (3((15011’0)5 - ’l’o,s&’)r t) =
=K * (3(¢ofo)e — Loeee)- (5.14)

5.3 Coupled 1D Burgers system

We next consider the symmetric pair
ABCDIU = uge + 2u ug — 0 (uv) + gy, (5.15)
ABCDOy = Veg + 2V vg — 0 (W) + gy, (5.16)
with initial data u(§,0) = uy(§) and v(§,0) = vy(§).

LTDM recursion.
Let Py = (utg)m, B, = (VVe)m, and @, = (0¢(uv)),, denote the Adomian blocks. Then

Ug = L_l{Gu}' Upyr = —Kg * (um,g‘f + 2Pn — Qm), (5.17)
Vo = L_l{Gv}; Vmy1 = —Kg * (vm,g‘f + 2P — Q). '
VITM recursion.
Upyr =Ug— K5 * (um,ff + 2umumg‘ - a{(umvm))' (5.18)
Umy1 =Vo —Kg* (vm,ff + 217mvm€ - af(umvm))- .

First coefficients.

Uy = =Ky * (U ee + 2uoUos — (UoV0)e), V1 = —Kg * (Voge + 200V0s — (UoVo)g)-  (5.19)

5.4 Two—dimensional Burgers—type system

Let x = (x1,x,) € R?. Consider
ABCDIU = Au + 0y (u?) + 0y, (uv) + gy, (5.20)
ABCDIY = Av + 0y, (V) + Oy, (uv) + gy (5.21)
with initial data u(x, 0) = uy(x), v(x, 0) = vy(x).

LTDM recursion.

Let Py = axl(uz)m, Qm = axz (UV)m, Pm = axz (vz)ma ém = axl(uv)m- Then
U = L_l{Gu}: Un+1 = —Kg * (Dup, + By + Q).
Vo = L_l{Gv}: Um+1 = =K * (Avy, + Pm + Qm)

(5.22)
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VITM recursion.
Umyr = Ug — Ko * (Auyy, + ax1 (urzn) + axz (UmVm)), (5.23)
Ums1 = Vo — Ks * (Avy, + axz (vrzn) + axl (UmVm))- '
First coefficients.
Uy = =K, * (Aug + 0y (u) + 0y, (uovy)), 11 = =Ky * (Avg + 0y, (V5) + Oy, (UgVy)). (5.24)

6 Numerical Simulations: Graphical Results

This section visualizes representative outcomes for the KdV— and Burgers—type benchmarks
described in Section 5.

6.1 Solution snapshots across fractional orders (KdV system)

KdV: soly_o_ 5 = 1.0 (ref) =0 =0.8—-0 =0.6 ustrative)

| | | | | | | |

Profile amplitude

Figure 1: Representative KdV profiles for ¢ € {0.6,0.8,1.0} at t = 2. Smaller ¢ (stronger memory)
slightly damps/reshapes the wave.
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6.2 Error vs. fractional order

Error vs. ¢ (KDv benchmark, illustrative)

[
]
s}
mr
I

—
9
=
TTrmm 1

'—l

S
iy |
m

puul

L? error at t = 2

1076

T T

-7 | | | | | |
10 06 065 0.7 075 08 08 09 09 1

Fractional order o

Figure 2: Typical decrease of error as o T 1. Insert your measured L? errors for each o.

6.3 Iterations to tolerance: LTDM vs. VITM

Iteration[pp TDMIDVITM ptrative)

C_'l‘- ZUI

= 20 =

l 16

=15 14 iy

E 10 9 9 .

g 5

Pt 0 T T
0.6 0.7 0.8 0.9

Fractional order o

Figure 3: Illustrative iteration counts for LTDM and VITM across a. Replace bars with your measured
values for each problem.
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6.4 Spectral decay over time (KdV)

o 1t=05-m1t=10-9-1t=20 ve)

T T T T T T T 77 T

T T T T T T T

1071
< 1070

109 10!

|k| (wavenumber magnitude)

Figure 4: Illustrative spectral roll-off over time; memory (o < 1) often steepens decay. Replace curves
with spectra from your runs.

6.5 2D Burgers: contour/surface view

2D field u(zy, zo,t) at t = 1.5 (illustrative)

-3 =25 -2 =15 -1 =05 0 0.5
T
5: Illustrative 2D Burgers-type field. Replace the analytic surface with your gridded data (use
mesh/ordering=y varies with table if needed).

Figure
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7 Conclusions

This paper presented a unified transform—iterative framework for nonlinear fractional partial differential
equations governed by the Atangana—Baleanu—Caputo (ABC) time derivative. We analyzed two
complementary semi-analytical schemes:

* LTDM (Laplace Transform Decomposition Method): obtained by algebraizing the ABC operator in the
Laplace domain and applying an Adomian-style decomposition to treat nonlinearities.

* VITM (Variational Iteration Transform Method): derived by designing a fractional Lagrange multiplier
that exactly cancels the ABC residual at each correction step, resulting in an iteration structurally
identical to LTDM and typically faster in practice.

Analytical guarantees.
We established convergence for both schemes under an explicit, computable contraction

condition,

q: = Kg 1oy (M +Ly) <1,
where K, (t) =;(;:) t°1E; ;(—at?) is the ABC resolvent kernel, M; bounds the linear spatial
operator, and Ly is a local Lipschitz constant for the nonlinearity. We further proved geometric
remainder estimates,

N

lu=Syllx < 15w —ug iy,

which translate directly into practical stopping criteria for both LTDM and VITM.
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