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ABSTRACT 

One knows that calculation of the solution of the unsteady isothermal flow of gas through a porous 

medium, as a strongly nonlinear boundary value problem on semi-infinite interval, is difficult. In this 

article, an efficient modification of the homotopy analysis method is presented and applied to obtain 

approximation to the analytic solution of gas flow through a micro-nano porous medium. The obtained 

results, show a very good agreement between results of proposed method and the numerical solutions.  
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INTRODUCTION  

Many problems in science and engineering can be modeled by a strongly nonlinear boundary value 

problem on semi-infinite interval. These kinds of problems are used in analyzing the problems arising in 

thermodynamics, astrophysics, chemical kinetics, mathematical physics, population models, thermal 

behavior of a spherical cloud of gas, fluid mechanics and many other topics. Unfortunately, most of them 

do not have precise analytical solution or a closed form. Therefore, developing of new efficient numerical 

algorithms and semi-analytical methods for approximation of the solutions of these problems is an 

interesting research area of many engineers and mathematicians. These known methods are for example, 

Runge-Kutta method (Dormand, & Prince, 1980), spectral methods (Civalek, 2007), the 𝛿-expansion 

method (Karmishin et al., 1990), the Adomian decomposition method (Adomian, 1994), and the 

variational iteration method (He, 1999).  

Here, a brief study of unsteady flow of gas through a porous medium is presented (more details in this 

filed can be found in (Kidder, 1957 & Davis, 1962). In the study of the unsteady flow of gas through a 

semi-infinite porous medium initially filled with gas at a uniform pressure 𝜌0 = 0, at time 𝑡 = 0, the 

pressure at the outflow face is suddenly reduced from 𝜌0 to 𝜌1 = 0 (𝜌1 = 0 is the case of diffusion into a 

vacuum) and is, thereafter, maintained at this lower pressure. The unsteady isothermal flow of gas is 

described by a non-linear partial differential equation. The nonlinear partial differential equation that 

describes the unsteady flow of gas through a semi-infinite porous medium has been derived by (Muskat, 

1946), in the form  

∇2  P2 = 2A
∂P

∂t
  (1) 

where P is the pressure within porous medium and the constant 𝐴 is given by the properties of the 

medium. In the one dimensional medium extending from 𝑧 = 0 to 𝑧 = ∞, 𝐸𝑞. (1) reduces to  

 
∂

∂z
 P

∂P

∂z
 = A

∂P

∂t
, 

With the following boundary conditions:  

 
𝑃 𝑧, 0 = 𝑃0 , 0 < 𝑧 < ∞,

𝑃 0, 𝑡 = 𝑃1 < 𝑃0 , 0 < 𝑡 < ∞.
  

By using the following independent and dimension-free variables:  

𝑥 =
𝑧

 𝑡
(
𝐴

4𝑃0
 )

1
2 ,𝑦 𝑥 = 𝛼−1  1 −

𝑃2  𝑧 

𝑃0
2  , 

Introduced by (Kidder, 1957), the problem transforms to the following nonlinear ordinary differential  
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equation (unsteady gas equation):  

𝑦" 𝑥 +
2𝑥𝑦 ′(𝑥)

 1−𝛼𝑦 (𝑥)
= 0, 𝑥 ≥ 0, 0 ≤ 𝛼 < 1.  (2) 

The typical boundary conditions imposed by the physical properties are  

𝑦 0 = 1,𝑦 ∞ = 0. (3)  

Agarwal et al., (2002), presented various existence results for 𝐸𝑞 (2). They show that the boundary-value 

problem (2) has a solution y ∈ C2[0, +∞) with 0 < 𝑦(𝑥) ≤ 1. So far, several semi- analytical and 

numerical methods have been developed for solving 𝐸𝑞. (2). (Wazwaz, 2001), solved this problem by 

modifying the decomposition method and Pad´e approximation. Noor & Mohyud-Din (2009), proposed 

the variational iteration method using He’s polynomials and Pad´e approximation for solving this 

problem. Khan et al., (2010), used Laplace decomposition method coupled with Pad´e approximation 

technique to solve this equation. Taghavi et al., (2009), solved it by Lagrangian method based on 

generalized Laguerre functions. Parand et al., (2009), solved this problem by using pseudo- spectral 

method with rational Chebyshev and modified generalized Laguerre functions. Rezaei et al., (2011), 

applied the orthogonal rational Legendre and Sinc functions for solving problem (2). Rad and Parand, 

(2010), considered homotopy perturbation method for this equation. This equation has been recently 

solved by Abbasbandy, (2012), with two different numerical approaches based on finite-difference scheme 

known as the Keller-box method and the shooting method.  

In 1992, Liao applied the basic ideas of the homotopy in topology and presented an efficient technique to 

obtain the analytical solution of nonlinear problems, namely homotopy analysis method. In recent years, 

the homotopy analysis method and its modifications have been efficiently employed to solve a wide range 

of nonlinear problems in applied sciences (Abbasbandy & Babolian, 2009, Abbasbandy, 2010, Touqeer, 

2013, Dong-Yang et al., 2013, Rafatimaleki, 2014). In this paper, the proposed modified of homotopy 

analysis method is applied to solving 𝐸𝑞. (2).  

Solution by Modified Homotopy Analysis Method 

In this section, the modified homotopy analysis method is used to give series solution of the nonlinear 

ODE (2) with boundary conditions (3). From the physical points of view, it is well-known that the 

solution of the unsteady isothermal flow of gas through a porous medium decay exponentially at infinity 

(Kidder, 1957). Thus, the solution can be expressed by  

𝑦 𝑥 =  𝑎𝑖 ,𝑗𝑥𝑖
∞

𝑖=0,𝑗=1

𝑒−𝑗𝜆𝑥 ,                                                                                                                                 (4) 

where 𝑎𝑖 ,𝑗  are the coefficients and 𝜆 > 0 is a spatial-scale parameter. Under the rule of solution 

expression denoted by (4) and the boundary conditions (3), it is natural to select 𝑦0 𝑥 = 𝑒−𝜆𝑥  as the 

initial approximation to 𝑦(𝑥). We define an auxiliary linear operator 𝐿 by  

𝐿 𝜙 𝑥, 𝜆;𝑞  =  
𝜕2

𝜕𝑥2 + 𝜆
𝜕

𝜕𝑥
 𝜙 𝑥, 𝜆;𝑞 ,         (5) 

with the property  

𝐿 𝐶1 + 𝐶2𝑒
−𝜆𝑥  = 0,                                                                                                                                                (6)  

where 𝐶1 and 𝐶2 are constants.  

According to the rule of solution expression denoted by (4) and 𝐸𝑞. (2), it is clear that, we cannot define 

the nonlinear operator in the form:  

𝑁 𝜙 𝑥, 𝜆; 𝑞  =
𝜕2

𝜕𝑥2
𝜙 𝑥, 𝜆;𝑞 + 2𝑥

𝜕

𝜕𝑥
𝜙 𝑥, 𝜆; 𝑞  

1

 1 − 𝛼𝜙(𝑥, 𝜆;𝑞)
 ,                                                     (7) 

then, we suggest the modified homotopy analysis method, the nonlinear operator defined in the following 

form:  

𝑁   𝜙 𝑥, 𝜆; 𝑞  =
𝜕2

𝜕𝑥2
𝜙 𝑥, 𝜆;𝑞 + 2𝑥

𝜕

𝜕𝑥
𝜙 𝑥, 𝜆; 𝑞  1 +  𝑐𝑖𝑞

𝑖

∞

𝑖=1

𝜙(𝑥, 𝜆; 𝑞)𝑖 ,                                          (8) 
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where 𝑐𝑖  are the coefficients of the Maclaurin’s expansion of the function 
1

 1−𝛼(.)
. Using these operators, 

we can construct the zeroth-order deformation equation as  

 1 − 𝑞 𝐿 𝜙 𝑥, 𝜆;𝑞 − 𝑦0 𝑥  = 𝑞ℏ𝑁  𝜙 𝑥, 𝜆;𝑞  ,                                                                                               (9) 

where ℏ ≠ 0 is an auxiliary parameter and 𝑞 ∈ [0,1] is an embedding parameter. The boundary 

conditions for 𝐸𝑞. (9) are  

𝜙 0, 𝜆; 𝑞 = 1,𝜙 ∞,𝜆; 𝑞 = 0.                                                                                                                              (10) 

When the parameter 𝑞 increases from 0 to 1, the solution 𝜙 𝑥, 𝜆;𝑞  varies from 𝑦0 𝑥  to 𝑦 𝑥 . If this 

continuous variation is smooth enough, the Maclaurin series with respect to 𝑞 can be constructed for 

𝜙 𝑥, 𝜆; 𝑞 , and further, if this series is convergent at 𝑞 = 1, we have  

𝑦 𝑥 = 𝑦0  𝑥 +  𝑦𝑖

∞

𝑖=1

 𝑥 =  𝜑𝑖

∞

𝑖=0

 𝑥,ℏ, 𝜆 ,                                                                                                    (11) 

where  

𝑦𝑖 𝑥 =
1

𝑖!

𝜕𝑖𝜙(𝑥, 𝜆;𝑞)

𝜕𝑞𝑖
 |𝑞=0 .                                                                                                                                (12)  

For the 𝑚th-order deformation equation, we differentiate 𝐸𝑞𝑠. (9)-(10) 𝑚 times with respect to 𝑞, divide 

by 𝑚! and then set 𝑞 = 0. The resulting 𝑚th-order deformation equation is  

L ym 𝑥 − 𝜒𝑚𝑦𝑚−1 𝑥  = ℏ𝑅𝑚  𝑥 ,                                                                                                                  (13) 
where  

𝜒𝑚 =  
0,𝑚 ≤ 1,
1,𝑚 > 1,

  (14) 

 and  

𝑅𝑚  =
1

𝑚!

𝜕𝑚𝑁 [𝜙 𝑥, 𝜆;𝑞 ]

𝜕𝑞𝑚
 |𝑞=0 ,                                                                                                                          (15) 

with the following boundary conditions  

𝑦𝑚  0 = 𝑦𝑚  ∞ = 0.                                                                                                                                               (16) 

In this way, it is easy to solve the linear 𝐸𝑞𝑠. (13)-(16), one after the other in the order  

𝑚 = 1,2,3,…. especially by means of the symbolic computation softwares, such as Mathematica, Maple 

and etc.  

Convergence and Numerical Results  

Here, we use the symbolic computation software Maple to obtain the solution of the first several 𝐸𝑞. (13) 

and find that the 𝑀th-order approximation of the analytical solution (2) namely,  

𝑦 𝑥 ≈ 𝑌𝑀 𝑥 =  𝑦𝑚

𝑀−1

𝑚=0

 𝑥 .                                                                                                                                (17) 

According to theorem 3.3 in (Liao, 2003), as long as the series solution (17) is convergent, it should 

converge to one of the solutions of original 𝐸𝑞. (2). The convergence of the series solution (17) depend 

upon the value of the auxiliary parameter ℏ.  

By means of the so-called ℏ-curve, it is straightforward to select an appropriate range for ℏ which ensures 

the convergence of the solution series.  

In order to obtain the proper value of ℏ, the ℏ-curve of 𝑌19
′  0 , is plotted in Figure 1. As pointed out by 

(Liao, 2003), the appropriate region for ℏ correspond to the line segment nearly parallel to the horizontal 

axis. In 2007, (Yabushita et al., 2007), suggested that an optimal value of ℏ computed by minimizing the 

square of residual error 

Δ ℏ =  𝑁(𝑌𝑀

∞

0

 𝑡 )2𝑑𝑡.                                                                                                                                      (18) 

This method is named the”optimal homotopy analysis method”. Obviously, the computing of 𝐸𝑞. (18) is 

difficult. So, the residual error of 𝐸𝑞. (2) obtained by 20-th approximate of modified homotopy analysis 
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method is plotted in Figure 2 for different values of ℏ. Figure 2, show that ℏ = −1 is the proper value of 

the controlling convergence parameter ℏ.  

Figure 3 shows comparison of unsteady gas equation graph obtained by 20-th approximate of modified 

homotopy analysis method, with Adomian decomposition method (Wazwaz, 2001), and numerical 

solutions (Abbasbandy, 2012). Figure 4 shows the values of 𝑦(𝑥) obtained by 20th-order approximation 

of presented method, for different values of 𝛼. Table 1 shows the approximations of 𝑦(𝑥) for unsteady gas 

equation with 𝛼 = 0.5 obtained by the modified homotopy analysis method (MHAM) for 𝜆 = 5 and 

ℏ = −1, the perturbation method (PM) (Kidder, 1957), the Lagrangian interpolation of modified 

generalized Laguerre functions (MGLF) (Taghavi et al., 2009), homotopy perturbation method (HPM) 

(Rad et al., 2010), and numerical solutions (NS) (Abbasbandy, 2012).  

In Table (2), the value of initial slope 𝑦 ′ 0  obtained by the 20-th approximate of modified homotopy 

analysis method is shown for some values of α. From the contents of Tables (1) and (2), it is clear that, 

our analytical approximations of 𝑦(𝑥) and initial slope 𝑦 ′(0) agree well with the numerical ones. Note 

that the numerical solution (NS) is obtained using the Keller-Box method (Abbasbandy, 2012), with stop 

criterion 10−8 on 𝑦 ′ 0 . Table (2) shows that the value of initial slope 𝑦 ′ 0  decreases with the increase 

of 𝛼.  

 

Table 1: Values of 𝒚 𝒙  for 20th-order approximate MHAM 𝜶 = 𝟎.𝟓,𝝀 = 𝟓 and ℏ = −𝟏 

(Wazwaz, 2001) 

𝒙 HPM MGLFM PM NS MHAM Pad´e[2, 2] Pad´e[3,3]  

0.1 0.88809  0.90932 0.88166 0.88136 0.88136 0.86331 0.89792 

0.2  0.77922  0.81749 0.76631 0.76583 0.76583 0.73013 0.79852 

0.3  0.67598  0.71522 0.65654 0.65600 0.65600 0.60331 0.70411 

0.4  0.58027  0.60982 0.55440  0.55390 0.55390 0.48489 0.61650 

0.5  0.49332  0.51632 0.46137  0.46094 0.46094 0.37616 0.53705 

0.6  0.41572  0.41932 0.37831  0.37798 0.37796 0.27773 0.46656 

0.7 0.34747  0.40982 0.30560  0.30535 0.30533 0.18968 0.40624 

0.8  0.28819  0.31999 0.24313  0.24295 0.24292 0.11171 0.35608 

0.9 0.23723 0.20820 0.19046 0.19033 0.19030 0.04324 0.31799 

1.0 0.19380 0.21991 0.15877 0.14677 0.14673 0.01647 0.29002 

 

CONCLUSION 

Nonlinear differential equation of gas flow through a micro-nano porous media is quite valuable in order 

to its importance in investigating gas-solid processes. The important aim of this paper has been  

 

 
Figure 1: The curve of the 𝒚′ 𝟎  versus ℏ for the 19th-order approximation for 𝜶 = 𝟎.𝟓 and 𝝀 = 𝟓. 
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Figure 2: The residual error of 𝑬𝒒. (2) obtained by 19th-order approximation of HAM for 𝜶 = 𝟎.𝟓 

and 𝝀 = 𝟓,ℏ = −𝟎.𝟗𝟓 (dash), ℏ = −𝟏 (dash dot) and ℏ = −𝟏.𝟎𝟓(solid)  

 

 
Figure 3: Dash dotted: pade`e [𝟑,𝟑], dash line: Pade`e  𝟐,𝟐 , solid line: 20th-order approximation 

of HAM when ℏ = −𝟏, circle: numerical solutions, 𝜶 = 𝟎.𝟓. 
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Figure 4: Approximation of 𝒚 𝒙  for different values of 𝜶. 

 

Table 2: The value of the initial slope 𝒚′ 𝟎  or various values of 𝜶  

numerical solutions Modified HAM (Wazwaz, 2001) 

𝜶 by Keller-Box ℏ = −𝟏 and 𝝀 = 𝟓 Pad´e  𝟐,𝟐  Pad´e [𝟑,𝟑] 
0.1 −1.13901  −1.13902  −3.55656 −1.95720 

0.2  −1.15048  −1.15048  −2.44189 −1.78647 

0.3  −1.16294  −1.16294  −1.92834 −1.47827 

0.4  −1.17662  −1.17660  −1.60686 −1.23180 

0.5  −1.19179  −1.19176  −1.37318 −1.02552 

0.6 −1.20889  −1.20886 −1.18552 −0.84003 

0.7  −1.22860  −1.22854 −1.02141 −0.66120 

0.8  −1.25208  −1.25199 −0.86334 −0.47767 

0.9  −1.28188  −1.28143 −0.68446 −0.27726 

 

To establish an analytic solution to this model. By using the modified homotopy analysis method, we has 

been achieved this aim. By comparison to other previous researcher’s analytical and numerical solutions, 

the obtained results by modified homotopy analysis method have provided acceptable appr- oach for 

nonlinear unsteady gas equation.  
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